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MODELING, ESTIMATION, AND CONTROL
CHALLENGES FOR LITHIUM-ION BATTERIES

NALIN A. CHATURVEDI, ithium-ion (Li-ion) batteries are ubiquitous sources of energy for portable elec-
REINHARDT KLEIN, tronic devices. Compared to alternative battery technologies [1], [2], Li-ion batter-
JAKE CHRISTENSEN, ies provide one of the best energy-to-weight ratios, exhibit no memory effect, and
JASIM AHMED, and have low self-discharge when not in use. These beneficial properties, as well as
ALEKSANDAR KOJIC decreasing costs, have established Li-ion batteries as a leading candidate for the

next generation of automotive and aerospace applications [2].

In the automotive sector, increasing demand for hybrid electric vehicles (HEVs),
plug-in HEVs (PHEVs), and EVs has pushed manufacturers to the limits of contemporary
automotive battery technology. This limitation is gradually forcing consideration of alter-
native battery technologies, such as Li-ion batteries, as a replacement for existing lead-
acid and nickel-metal-hydride batteries. Unfortunately, this replacement is a challenging
task since automotive applications demand large amounts of energy and power and must
operate safely, reliably, and durably at these scales.




In most applications, a battery system consists of the
battery and the battery-management system (BMS). A
BMS is composed of hardware and software that control
the charging and discharging of the battery while guaran-
teeing reliable and safe operation [3]. The BMS also han-
dles additional functions, such as cell balancing and
thermal management of the battery pack. The design of a
sophisticated BMS is necessary to ensure longevity and
performance since battery behavior can change with time
[4], [5]. Additionally, the BMS is critical for safety since
Li-ion batteries can ignite and explode when overcharged
[3], [6] or due to abuse [7].

Designing and building BMS software algorithms for
Li-ion batteries require a model that can describe the bat-
tery dynamics. Indeed, one of the key tasks of the BMS
software is to observe the states of the battery and track
physical parameters as the battery ages. A typical BMS
uses an equivalent circuit model [8]-[11]; however, these
models have limited prediction capability compared to
physics-based electrochemical models. In contrast, a defin-
ing feature of an advanced BMS is that it uses a physics-
based electrochemical model instead of an equivalent
circuit model.

In this article, we present a detailed description and
model of a Li-ion battery. We begin the section “Intercala-
tion-Based Batteries” by providing an intuitive explanation
of the fundamentals behind storing energy in a Li-ion bat-
tery. In the sections “Modeling Approach” and “Li-Ion Bat-
tery Model,” we present equations that describe a Li-ion
cell’s dynamic behavior. This modeling is based on using
electrochemical principles to develop a physics-based
model [12]-[17] in contrast to equivalent circuit models
[8]-[11]. A goal of this article is to present the electrochemi-
cal model [12]-[17] from a controls perspective.

The electrochemical model presented in [12]-[17] can
predict the spatially distributed behavior of the essential
states of the battery, such as concentration of lithium ions,
potentials in the electrolyte and the solid electrode mate-
rial, and various safety-relevant quantities as the battery
is cycled, that is, charged and discharged repeatedly.
Knowledge of these quantities helps to determine the
state of the battery as well as its ability to provide energy.
Although equivalent circuit-based models can describe
the behavior of some of these states, these models are
based on small ac-signal perturbations of the battery [18]
and thus have limited applicability. Ad hoc modifications
of the equivalent circuit, in which the circuit parameters
vary with the operating region, are used in practice [8],
[11]. However, these models usually neglect mass-transfer
limitations due to solid-phase diffusion, resulting in pre-
diction errors when used over a wide operating region. In
this article, we focus on electrochemical models.

In the section “Control and Estimation Challenges for
Li-Ion Batteries,” we describe technical challenges that
arise in ensuring safe and reliable operation of Li-ion
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batteries. The goal is to convey the role of estimation and
control algorithms for BMS in Li-ion battery technology.
Simulation results for a simplified case illustrate how per-
formance can be improved with knowledge of the states of
the model. In the section “Framework for the Li-ion Bat-
tery Model,” we develop a reformulation of this model,
which can be used to study the full Li-ion battery model
and obtain reduced-order models. Note that the literature
on modeling of Li-ion batteries [12]-[17] avoids these
detailed constructions since their primary aim is to
numerically simulate the behavior of Li-ion batteries
to gain further understanding. However, if the intention is
to build control or estimation algorithms for BMS, then a
control-oriented understanding of the Li-ion battery model
becomes imperative. Next, we use this framework to
approximate the electrochemical Li-ion battery model.
This approximation is also studied in [19] and [20].

In the section “Experimental and Simulation Results,”
the full and approximate models are compared in both
simulations and experiments. The simulation results are
presented for both high-power and high-energy cell
configurations. Based on the application and domain of
operation, we identify the domains in which the approxi-
mate model, instead of the full model, can be used for BMS
problems. In the last section, we review the status of research
on BMS and the current solutions to estimation and control
problems along with their advantages and disadvantages.
We conclude by mentioning directions for future research.

INTERCALATION-BASED BATTERIES

The process of moving ions in and out of an interstitial site
in a lattice is called intercalation. The commonly available
Li-ion cell is a dual-intercalation cell, which means that
both electrodes have lattice sites that can store lithium.
Charging (discharging) a dual-intercalation cell causes the
Li ions to leave the lattice sites in the positive (negative)
electrode and enter the lattice sites of the negative (posi-
tive) electrode. The difference in energy states of the inter-
calated lithium in the positive and negative electrodes
governs the energy stored in the Li-ion cell.

Working Principle of a Li-lon Battery

A typical Li-ion battery has four main components (Figure
1). The porous negative electrode of a Li-ion cell is connected
to the negative terminal of the cell. This electrode usually
contains graphite, which is an intercalation material. Simi-
larly, the porous positive electrode is connected to the positive
terminal of the cell. The positive electrode can have various
chemistries, but it is usually a metal oxide or a blend of
multiple metal oxides, such as Li,Mn,O, and Li,CoO,. A
separator is a thin porous medium that separates the nega-
tive from the positive electrode. The separator is an electri-
cal insulator that does not allow electrons to flow between
the positive and negative electrodes. However, being
porous, the separator allows ions to pass through it by
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means of the electrolyte. The electrolyte
is a concentrated solution that contains
charged species. These charged spe-
cies can move in response to an elec-
trochemical potential gradient. Note
that some Li-ion batteries have a solid
electrolyte, which serves both as an
ionic conducting medium and an elec-
tronically insulating separator. How-
ever, in both cases, the charged species
that intercalates in the battery is the
Li" ion and hence the name Li-ion
battery. The negative electrode, posi-
tive electrode, and separator are all
immersed in this electrolyte with the
electrolyte filling all the pores of the
solid material.

Electrodes of the Li-ion battery also
contain material that acts as a conduc-
tive filler agent in the electrodes, as
shown in Figure 1. While these materi-
als do not intercalate lithium, they hold the electrode struc-
ture together, which improves the electronic conductivity of
the electrodes. In addition, nonporous current collectors are
present at each side of the cell sandwich to electrically con-
nect the porous electrode structures to the cell terminals.

.

X Axis

Y Axis

Open-Circuit Potentials

The key idea behind storing energy in a Li-ion cell is that
the free energy of lithium when placed in an interstitial site
of the positive electrode is different from the free energy
when placed in an interstitial site of the negative electrode.
In particular, compared to the positive electrode, lithium
has much higher energy when stored in the negative elec-
trode. For a given material, these free energies are known
and related to electrochemical potentials. By using these
values of the electrochemical potentials, we can express the
electrostatic potential of a positive or negative electrode as
a function of how much lithium is stored in the electrode.
The lithium concentration in the electrode normalized by
the maximum possible concentration is called the utilization
of the electrode. Thus, the electrostatic potential of an elec-
trode, referred to as the open-circuit potential (OCP) of the
electrode, can be expressed as a function of the utilization
of the electrode.

Note that both the negative and positive electrode have
an OCP. Let U™ (¢7) denote the OCP of the negative elec-
trode, and let U" (¢") denote the OCP of positive electrode,
where the arguments ¢~ and ¢* represent the volume-
averaged concentration in the respective electrode. Then,
the difference U" (%) — U (¢7) is the OCP of the com-
plete cell. The OCP of the cell is alternatively referred to as
the open-circuit voltage. The OCP of the cell corresponds to
the rest voltage measured across the current collectors,
assuming no currents.
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FIGURE 1 Anatomy of an intercalation cell. The positive and negative electrodes are sep-
arated by an insulating material (separator), which does not allow electrons to pass but is
porous enough for lithium ions to flow. Also note the presence of additional conductive
and binder materials in the electrodes. These materials hold the electrode together and
improve its conductivity.

MODELING APPROACH

We now construct a dynamic model for a Li-ion battery
using electrochemical principles. The one-dimensional
(1D)-spatial model of a Li-ion battery considers dynamics
along only one axis (the horizontal X-axis) and neglects
the dynamics along the remaining two axes (Y-axis and
Z-axis) [12]-[18]. This approximation is applicable to most
cell structures with a large cross-sectional area and low
currents. For example, the characteristic length scale of a
typical Li-ion cell along the X-axis is on the order of 100
um, whereas the characteristic length scale for the remain-
ing two axes is on the order of 100,000 wm or more.

In each domain of a Li-ion cell, namely, the negative
electrode, separator, and positive electrode, lithium can
be thought of as existing in two disjoint states, called
phases. The first phase represents the intercalated lithium
in the electrode material, whereas the second phase
involves the lithium in a dissolved state in the electrolyte.
Thus, for the Li-ion battery shown in Figure 1, lithium can
exist at every point along the X-axis either in the solid
phase in an interstitial site, or in the dissolved state in the
electrolyte phase. Hence, a 1D-spatial model of a Li-ion
battery can be represented as shown in Figure 2. In the
separator domain, however, lithium exists only in the elec-
trolyte phase. Equations are needed to describe the
dynamics of each phase of lithium in the Li-ion battery.

We model the Li-ion cell by assuming, as shown in Fig-
ure 2, that spherical solid particles, denoting an agglomeration
of lattice sites, exist everywhere along the X-axis. The interca-
lation process is then modeled by the insertion of lithium ions
in and out of these spherical solid particles. These particles are
immersed in the electrolyte as shown in Figure 2.

The state variables required to describe the 1D-spatial
model at the position x at time  are the current i (x, t) in the
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note that all currents represent cur-

Negative Electrode Separator Positive Electrode rent densities normalized by the
Domain - Domain — Domain cross-sectional area of the separator.
' X | X X | The input to the model is the external
Lithium in o I~ L+ "ot current density I(f) applied to the
Electrolyte il battery, and the output of the model
Phase \ S % < T A - is the corresponding output voltage
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FIGURE 2 Simple schematic showing the modeling approach for an intercalation cell. In
the X-dimension (horizontal axis), the cell is divided into three physical domains, namely,

Potential in the Solid Electrode
Combining Kirchoff’s law i, +i,=1
with Ohm’s law relating i, and ®,, we
obtain

the positive electrode, the negative electrode, and the separator. Also, each electrode

and the separator have their own coordinates for spatial definition of their respective
domains given by [0F, L¥], [07, L™], and [0%%, L5°P] for the positive and negative elec-
trode, and the separator, respectively. In each electrode domain, lithium can exist either
in the solid phase in an interstitial site or in the electrolyte phase in a dissolved state.
Thus, the lattice structure of an electrode in a Li-ion cell can be visualized as small spher-
ical-solid particles that hold lithium ions in the solid phase; these solid spherical particles,
which denote a collection of interstitial sites, are immersed in the electrolyte. The interca-
lation process can then be visualized as lithium ions moving in and out of these solid
particles as the battery is charged or discharged. Note that the separator has lithium in
only the electrolyte phase. Thus i, representing the electronic current in the solid particle,
is zero in the separator, while the ionic current in the electrolyte, denoted by i,, is equal to

the applied current / in the separator.

solid electrode, the current i,(x,t) in the electrolyte, the
electric potential @ (x, ) in the solid electrode, the electric
potential @, (x, t) in the electrolyte, the molar flux j,(x, t) of
lithium at the surface of the spherical particle, the concen-
tration ¢,(x,t) of the electrolyte, and the concentration
c;(x, 7, ) of lithium in the solid phase at a distance r from
the center of a spherical particle located at x in the solid
electrode at time ¢ (see Figure 3).

In the following development, the superscripts “ + ,” “ —,”
and “sep” imply that the variables are defined in the positive
electrode, negative electrode, and separator domain, respec-
tively. Each of these spatial domains spans [0*,L*], [07, L™],
and [0°%P, L**P], respectively, as shown in Figure 2. Thus,
¢ (x,t) denotes the concentration of lithium in the elec-
trolyte at each x € [0%, L"] at time t. When not referring
to a specific domain or when it is clear from context, we
remove the superscript for simplicity of notation.

LI-ION BATTERY MODEL
We now present equations that describe the electrochemi-
cal behavior of a Li-ion battery. Before we proceed, we
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0P, (x, 1) _iy(x, 1) —1(¢)
ax B

N V)

(o

where o is the effective electronic
conductivity of the entire electrode.
Since the electrode is porous, only a
fraction of the electrode’s volume con-
tributes to its electronic conductivity.
Equation (2) has no explicit boundary
conditions. However, at the interface
between the electrode and current col-
lector, we have ,(0",¢t) =i,(07,¢) =0,
whereas, at the electrode-separator interface, we have i, = I.
As shown in the section “Framework for the Li-lon Battery
Model,” we can choose either i,(0*,¢) =i,(07,¢t) =0 or
i, = I at the separator as the boundary condition for (2).

Potential in the Electrolyte
The relationship between ®, and i, in the electrolyte is
given by

oD, (x, t) i(x,t) 2RT
¢ =2 +=—(1-1¢°
o 3 (1-17)
dinf,, \olnc,(x, t)
X +
(1 dinc, (x, t)/ oax ®)

where F is Faraday’s constant, R is the universal gas con-
stant, T is the temperature of the cell, and f/, is the mean
molar activity coefficient in the electrolyte. The dimension-
less number f.,, which accounts for deviations of the
electrolyte solution from ideal behavior, is a function of the
electrolyte concentration. Also, « is the ionic conductivity of
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the electrolyte, and t{ is the transfer-
ence number of the cations with respect

to the solvent velocity. Both « and #? !
are usually functions of electrolyte con-

centration, but t0 is typically app-
roximated as a constant. Since we can
measure only potential differences, -
the boundary condition of ®, is arbi-
trary. We set ®,(0%,¢) =0 at the
positive electrode-current collector
interface. For the remaining two do-
mains, it follows from continuity
of @, that ®,(L°P,t) =d,(L*,t) and
D, (L7, t) =D,(0P, t).

/

Relationship Between
Concentrations and Currents

Transport in the Electrolyte

The lithium concentration in the elec-
trolyte changes due to concentration-
gradient-induced diffusive flow of
ions and the current i,. Thus, it can be
shown that

ac.(x, t) 9 (D ace(x,t)>
ot ox\ ¢ ax

1 a(t%,(x, t
L (i, ( )), @
Fe, ax

X 0= 5% (1559 X
1 N 1 1 1 1
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Solid Particles in
Electrode

where D, is the effective diffusion
coefficient, ¢, is the volume fraction
of the electrolyte, and t{ is the trans-
ference number for the anion. The
first term in (4) reflects the change in
concentration due to diffusion, while
the second term reflects the change
in concentration due to the current i,
and its gradient. The boundary conditions for (4) cap-
ture the fact that the fluxes of the ions are zero for all
time at the current collectors. Since the flux is propor-
tional to the concentration gradient at the current
collectors, we obtain

ac,

ax
x=0"

_dc,
T oox

©®)

x=0"

Since the battery has three spatial domains, we need four
additional boundary conditions at the electrode-separa-
tor interface. These boundary conditions are obtained
from continuity of the flux and concentration of the elec-
trolyte at the electrode-separator interface (shown in
Figure 2) as

FIGURE 3 Modeling of molar flux j,(x) and the concentration of solid-phase lithium in the
electrode. In this macro-homogeneous model, lithium concentration in the solid phase is
modeled by using a densely populated distribution of spherical solid particles along the X
-axis, each of which denotes a collection of interstitial sites. For each solid particle at x, the
function c,(x, r, t) represents the concentration of lithium in the particle in the radial
dimension at time t.

ac, ) ac,
g (Dg*) =g (DE*) , (6)
ax ax
x=L" x=0F
ac, ac,
&r (Dei) =& <De > ’ (7)
ax ax
x=Lsp x=L"
c.(L7,t) =c,(0°P, 1), (8)
(L, t) = c, (L7, t). )

Transport in the Solid Phase

As explained in the section “Modeling Approach,” the
model in the solid phase associates a spherical particle of
radius R, with each spatial location x. The transport of the
lithium ions in these solid particles can be described in a
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Overpotential of a Reaction
In a Li-ion battery, the overpotential n, of reaction r determines
the rate of that reaction. For reactions that occur at the surface
of the electrode and where lithium is the primary reactant, the
overpotential n, represents the deviation between the thermo-
dynamic equilibrium potential difference at the existing surface
concentration and the potential difference that a charged spe-
cies would go through as it passes through the solid-electrolyte
interphase (SEI) between the solid electrode and the electrolyte;
see Figure 4 for a description of the overpotential corresponding

fashion similar to the transport of ions in the electrolyte.
Thus solid phase transport of lithium can be described by
an equation similar to (4), where the diffusion gradient is
defined with respect to the spatial dimension of the spheri-
cal particle. However, for most battery materials of interest,
diffusion is the dominating phenomenon involved in solid
phase transport of lithium [15]. Thus, the transport of lith-
ium ions in the electrode material is described by

dc,(x, 1, t) li(D rzacs(x,r,t))
at r2ar\’ ar ’

where r is the radial dimension of the particles in the elec-
trode, and D is the diffusion coefficient. The boundary and
initial conditions are given by

(10)

ol (11)
ar o
r=0
Jc 1 .
S 12
ar DS]” (12)
r=RV
c(x,7,0) = (13)

Equations (11) and (12) imply that, at the surface of the par-
ticles, the rate at which ions exit the particle and enter the
electrolyte is given by the pore-wall molar flux ju(x), and
this rate is zero at the center (see Figure 3). The initial condi-
tion (13) fits the initial concentration profile in the solid par-
ticle. Note that we neglect diffusion between adjacent
particles. More precisely, we do not consider terms contain-
ing dc;/0x in (10) since they are negligible given the high
solid phase diffusive impedance between particles.

Conservation of Charge
At each x in the electrode, the net pore-wall molar flux is
related to the divergence of the current. Thus,

ai,(x, t)

P (14)

= akj,(x, t),
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to the reaction of intercalation of lithium. As described in figures
3 and 4, the overpotential 7, is defined as

(X, 1) = Dg(x, 1) = DX, 1) — Ulcss(X, 1) = FRyj (X, 1),
Css(X, ) & cs(x, Ry, 1),

where R; is the film resistance of the SEI, U, denotes the equi-
librium potential of the reaction, and j, denotes the molar flux
of the reaction [18], [16].

where the specific interfacial area a £ &,(47R;) /[(4/3)
7TR13,] = (3/Rp)ss, and ¢, is the volume fraction of the solid
electrode material in the porous electrode. The boundary
condition is i,=0 at the current collectors, that is,
i,(07, ) =i,(0%,t) =0, and i,(x, t) =1 for all x € [05P, L*P].
Since the current in the separator is I, it follows that
i,(L*,t) =1,(L7,t) =1 Thus, (14) has more than one
boundary condition in the two electrode domains, thereby
making it overconstrained. However, since (2) describing
®, does not have an explicit boundary condition, the total
number of boundary conditions for the system of partial
differential equations (PDEs) matches the required
number of boundary conditions.

Butler-Volmer Kinetics

The molar flux j, depends on the concentration c, of lith-
ium in the solid, the concentration c, of lithium in the
electrolyte, and the solid-phase intercalation overpotential
1 through the Butler-Volmer equation [18], [16]. The
overpotential 7, corresponds to the reaction of solid-
phase intercalation of lithium in the electrodes; see
“Overpotential of a Reaction” and figures 3 and 4 for
more details. The overpotential for the intercalation reac-
tion is described as

ns(xl t) = q)s(xr t) - q)e(xr t) - U(Css(xr t)) _FRfjn(x/ t)/ (15)

c(x, t) 2 c,(x, Ry, t), (16)
for each t and x, where Ry is the film resistance of the solid-
electrolyte interphase (SEI).

The Butler-Volmer equation describing the relationship
between j,(x, t) and n,(x, t) [18], [16] is given by

Julx, t) = @{exp(?;i ns(x, t))

—aF
- exp( RTC ns(x, t)ﬂ,

where «, and «, are transport coefficients, and i, is the
exchange current density. Note that (17) for the molar
flux j, is algebraic. Equation (17) can be understood as

17)
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follows. The current Fj, corresponding to
the molar flux of lithium ions exiting the
solid particle can be expressed as Fj, =
lout — in, Where i, and i;, depend on the
overpotential 7, as

. . anF . . - acF
Lout = 1o €XP ﬁns , lin = 1o €Xp RT MNs |-

The exchange current density 7, in (17) is
given by

ig(x, t) = rygc,(x, )«
X (Cs, max Css(x/ t)) %Css(xlt)aﬁ/ (18)

where 7. is a constant, and ¢, .., is the maxi-
mum possible concentration of lithium in the
solid particles of the electrode based on mate-
rial properties. Thus, the term i tends to zero
as ¢, tends to either zero or ¢ ., Or ¢, tends
to zero.

In summary, the equations that need to
be solved are (2)-(4), (10), (14), and (17)
with applied current I as the input, and
the output given by the voltage V as
defined in (1). Thus, the battery model is a
system of nonlinear partial differential
algebraic equations.

CONTROL AND ESTIMATION
CHALLENGES FOR LI-ION BATTERIES
For automotive applications, a BMS is
expected to predict the maximum available
power and energy; safely charge and dis-
charge the battery to meet regenerative brak-
ing and load-bearing requirements; track
relevant parameters of the battery pack as it
ages; and update the BMS to meet the desired
performance criteria throughout its life.
“Aging” includes effects of both chronological
age and cycling [4], [5].

Prediction of the maximum available
energy and power is required by the elec-
tronic control unit (ECU) to compute the
vehicle’s all-battery range in miles, as well as
the power it can deliver to accelerate, if
demanded. For various applications it is
desirable to charge or discharge the battery
as quickly as possible. However, fast charg-
ing or discharging can dangerously stress the
electrodes of the battery as the lithium ions
move in and out of the insertion sites. Such
fast movement has several possible deterio-
rating effects. First, it stresses the lattice
structure of the electrodes, potentially caus-
ing the lattice to disorder or even fracture.
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FIGURE 4 Schematic illustrating molar flux j,(x), and associated transition of lithium
from solid phase to electrolyte phase in the electrode domains. For the reaction cor-
responding to solid-phase intercalation of lithium, the overpotential n; represents the
difference between the equilibrium thermodynamic potential difference at the exist-
ing surface concentration and the potential difference that a charged species would
go through as it passes through the solid-electrolyte interphase (SEI) between the
solid electrode and the electrolyte. Note that the electric potential in the particle is
®,(x), and the electric potential in the electrolyte is ®,(x). Furthermore, the ther-
modynamic potential difference at the existing surface concentration is given by
U(css(x, 1), where U(-) represents the open-circuit potential of the intercalation
reaction, and cs(x, f) £ ¢,(x, R,, 1) is the surface concentration of lithium in the
solid particle. Additional potential drop at the SEl is due to the film resistance R
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Utilization and State of Charge
The local utilization at each point in the electrode is the ratio of
the concentration of lithium in the solid electrode to its maxi-
mum possible concentration at that point. Thus, if ¢(x, r) is the
concentration at the point x and radius r in the spherical particle,
and ¢, is the maximum possible concentration in the solid elec-
trode, then the utilization at (x, r) is defined as ¢(x, r) / Cmax. The
average utilization of the entire electrode is called the bulk state
of charge (SOC) of the electrode. Note that SOC, which is a non-
dimensional quantity, measures the charge contained in the elec-
trode calculated in terms of the lithium concentration. Since the
amount of lithium stored in the electrodes is related to the amount
of charge available, SOC can be used as an indicator of available
energy in the cell for a prescribed discharge rate.

Although the surface SOC, that is, the utilization at the surface
of the solid particle, is directly related to the instantaneous avail-
able power, the bulk SOC is sometimes used to predict the avail-
able power. The reason for using bulk SOC, in contrast to surface
SOC, is because bulk SOC can be determined by accurate cur-
rent measurements. Given initial values, the bulk SOC can be
computed from the current (assumed positive for charging) as

L+(GI;E)JLAJR;'ZC+()? &

0 Cmax

SOC* (1) & drdx

ot

This disorder or fracture might result in power and capac-
ity loss, thereby accelerating aging of the battery. Second,
since the fast movement of ions is accompanied by large
potential drops across the battery, these drops induce side
reactions that change the amount of available lithium and
produce components that may reduce the performance and
safety of the battery. Also, since the capacity of the battery
is related to the quantity of lithium cycled between the
electrodes, changes in the total available lithium might
cause further loss of capacity.

Finally, as the battery ages, we need to track parameters
that quantify aging of the battery pack. These changes are
reflected in the BMS for power and energy prediction
throughout the life of the battery pack. Additionally, this
information can be used by the ECU to identify modules in
the battery pack that need replacement. Each of these tasks
reflects an estimation or control problem.

Power and Energy Prediction

Power and energy prediction demands a sufficiently accu-
rate model that predicts voltage as a function of the input
current. Furthermore, knowledge of the bulk state of charge
(SOC) of the battery pack is often used by BMS algorithms
to estimate energy stored in the pack. The bulk SOC of a
cell is roughly the average utilization of either the positive
or negative electrode, where utilization is the ratio of
actual lithium concentration to the maximum possible
concentration in the solid particles of the electrode;
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t
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3

— )

for the positive and negative electrode, respectively, where
cap® and cap~ denote the corresponding theoretical ca-
pacities of the two electrodes, respectively. SOC*(t) and
SOC (t) are related, and hence, it suffices to use only
SOC ™ (t) to represent the SOC of the battery. In applica-
tions, cap*tand cap~ are typically chosen to be nominal
capacities. These nominal capacities are measured ex-
perimentally by charging or discharging the cell between
predefined voltage limits at a prescribed current rate. Thus,
these nominal capacities do not correspond to the true
theoretical capacities of the respective electrodes. Hence,
SOC computed using nominal capacities might not repre-
sent the true bulk SOC, which is based on theoretical ca-
pacities of the individual electrodes.

see “Utilization and State of Charge.” The bulk SOC tells
us how much charge in the form of lithium is available in
the battery for discharge, thus yielding the energy content
of the battery for a prescribed discharge rate.

Two quantities are of interest for predicting power
output. Instantaneous power output of a battery is directly
proportional to its instantaneous output voltage, where
the output voltage of the battery is a function of the sur-
face SOC. Thus, instantaneous power depends strongly
on the surface SOC through the OCP of the cell [21], [22].
In addition to instantaneous power, pulse power is also
relevant to automotive applications. Pulse power is defined
as the maximum average power that can be delivered for
a specified time period (usually 2-10 s) [23]. Like instanta-
neous power, pulse power depends on the knowledge of
the surface SOC, in addition to the bulk SOC, as the bat-
tery is discharged.

Neither surface nor bulk SOC can be directly measured
in a battery. In practical applications, the bulk SOC is often
tracked by means of current integration, assuming precise
current measurements and correct initial conditions are
available; see “Utilization and State of Charge.” Since both
surface and bulk SOC are defined in terms of the lithium
concentration in the electrode, these immeasurable quanti-
ties can be computed from the states of the electrochemical
model (2)—(4), (10), (14), and (17). Thus, both surface and bulk
SOC can be tracked by observing the states of the electro-
chemical model; see the state estimator block in Figure 5. In
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contrast, note that an equivalent circuit model has only bulk
SOC as a state of the model, and not surface SOC. This lack
of surface SOC information can result in reduced accuracy
of power and energy prediction compared to an electro-
chemical model. Predicting power and energy and identify-
ing feasible load currents based on demand and state of
battery can be posed as an optimal control problem.

Safe Charging and Discharging
In a conventional BMS, safe charging and discharging of
the battery pack is often realized by applying voltage and
current limits on the operation of the cell. By imposing con-
stant voltage bounds V), and V};, a cell can be charged or
discharged as long as

Vie = V(1) =V, (19)
for all time t. While these constant bounds might limit elec-
tric potentials within the electrodes from reaching unsafe
values during operation, they are conservative, especially
at high currents, where it is possible for the cell voltage to
reach the voltage bounds in (19) even though the electrodes
are far from potentially dangerous operation. Thus, the
constant voltage-bound restriction can unnecessarily limit
performance of the battery pack [21]. Additionally, these
bounds may not guarantee safety as the battery ages and its
characteristics change.

Since overpotentials determine the rate of a reaction, a
strategy that guarantees safety during charge/discharge
is to track overpotentials of reactions that can damage the
cell. In a Li-ion battery, reactions that occur in addition to
the primary reaction of intercalation of lithium in the
electrode are called side reactions. One side reaction, which
is relevant for avoiding damage to the cell during charg-
ing or discharging, is the side reaction that consumes or
releases lithium and thus changes the capacity of the cell.
An example of such a side reaction that can create a poten-
tial safety hazard is the side reaction of lithium plating on
the surface of the electrodes [24]. Though additional con-
straints might have to be satisfied to guarantee safe oper-
ation of the battery pack, we focus on this side-reaction
overpotential for illustration.

As described in “Overpotential of a Reaction,” the over-
potential for a side reaction in a Li-ion battery can be
described as

Ny =0, — &, — U, (cy,) — Ry jn.s (20)
where sr denotes quantities corresponding to the side reac-
tion. The term U, denotes the equilibrium potential of the
side reaction and is assumed to be known. Since j, = 0, the
term R; j, canbe assumed negligible. Thus, it usually suf-
fices to know @, ®,, and ¢ in order to compute overpoten-
tials of side reactions. For the side reaction of lithium
plating, Uy, is zero [24], and hence the overpotential is

Control Action ECL,J (_Setpomts
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> Control) g el
= BMS =/
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» f alo
g Electrochemical-Based Battery Model 3|9
§|| Resistance, SOC, Potentials, S
32 | Diffusion, Concentrations =
g | OCP o
= Control Algorithms &
PEartgmetter g s?it:wft orl (Calculate Optimal | —=

SIMEHO Utilization Strategy)

FIGURES Architecture of an advanced battery management system
(BMS). Unlike a standard BMS, an advanced BMS uses a physics-
based electrochemical model instead of an ad hoc equivalent cir-
cuit model. In addition, the BMS has three blocks corresponding to
parameter estimation, state estimation, and control algorithms for
optimal utilization of the battery. The parameter and state estimator
together guarantee that the electrochemical model is sufficiently
accurate over its entire operational lifetime. The control algorithms
block uses the model information to compute the optimal charging
and discharging profile for the battery based on the desired refer-
ence input from the electronic control unit.

ny(x, 1) = Oy(x, t) — D(x, 1). (21)
Since @, and P, are state variables of the electrochemical
model, we can observe the states at all times during opera-
tion to compute the overpotentials. As long as the overpo-
tentials do not violate certain limits, it is safe to charge or
discharge the cell. As an example, to minimize the reaction
rate of lithium plating during charging, we need to con-
strain 7, in the negative electrode such that, for all x and ¢,

ny(x, t) > 0. (22)
Similarly, if further side reactions need to be consid-
ered, then additional constraints on 7, arise for each
side reaction.

Figure 6 compares two strategies for charging a fresh
cell starting from 2.9 V. The plots show the behavior of the
output voltage and overpotentials for a constant charging
current at approximately 1.5 C (see “C Rate of a Current”).
In the first strategy based on (19), charging is stopped
when the voltage limit of V}; = 4.2 V is reached, yielding a
charge capacity of 2.897 ampere-hours (A-h). In the second
strategy, the same cell is charged as long as 7, satisfies (22)
everywhere in the cell. As shown in Figure 6, the cell can be
charged to the higher capacity of 3.09 A-h, yielding 6.7%
extra charge capacity, while the final voltage is 4.274 V.
Thus, since charging is stopped even though the overpo-
tential 7, is above 11 mV, the voltage constraint (19) is con-
servative, and hence it is safe to charge further.

On a similar note, as the cell ages, the constraint (19)
may change from being conservative to being potentially
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FIGURE 6 Comparison of charging strategies. (a) Shows the voltage
of the cell as it is charged, whereas (b) shows the side reaction over-
potential n,, = &4 — ®, corresponding to lithium plating in the nega-
tive electrode. In the first strategy marked by “A,” the charging is
stopped when the voltage hits 4.2 V, yielding a charge capacity of
2.897 A-h. In (b), n,, = 11 mV everywhere in the electrode, and
hence further charging is possible. In the second strategy, marked
by “B,” the same cell is charged until s, = &, — ®,= 0 somewhere
in the cell. The side reaction overpotential in (b) reaches zero first at
the separator shown by n.(x=L"). Thus, we can charge to a
higher capacity of 3.09 A-h yielding 6.7% extra charge capacity
using strategy “B.”

unsafe due to age-induced behavior changes. One example
of an age-induced behavior change is an unfavorable
change in the capacity ratio of the individual electrodes
[25] or a decrease in the diffusion coefficient in the negative
electrode with age. Then, for the aged cell, while the volt-
age is less than Vj;; in (19), the overpotential 1, can be dan-
gerously low. Figure 7 compares the strategies for charging
an aged cell starting from 2.9 V. In the first strategy based
on (19), charging is stopped when the voltage limit of
Vi = 4.2 V is reached. In the second strategy, the same cell
is charged so that n,, = ®; — ®, satisfies (22). Figure 7 shows
that, in the first strategy, 7, is negative for the last portion
of charging between 2.872 A-h and 3.133 A-h, or between
411 V and 4.2 V. During this period, the cell can suffer
damage, reducing its performance or even exposing it to a
higher risk of explosion.

Note that using strategy “B” allows for aggressive
charging, while protecting the battery from damage. Addi-
tionally, strategy “B” allows for a less conservative design
and hence less expensive batteries. Since the overpotential
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C Rate of a Current
T he C rate of a current (charging or discharging) is de-
fined as the ratio of the current in amperes (A) to the
nominal capacity C,,, of the cell in ampere-hours (A-h).
Thus, if the nominal capacity of a cell is 3 A-h, thena 1 C,
C/2, and 2 C current correspond to currents of magnitude
3 A, 1.5A, and 6 A, respectively. Note that the C rate has a
dimension of [A]/[A-h] = 1/h. The notation C/2 is typically
used in place of 0.5 C.

The C rate of a current indicates the magnitude of the
current relative to the size of the battery. This relative mag-
nitude of the current governs various electrochemical
effects, and thus the C rate allows for a quick comparison of
the behavior of the battery for input currents, irrespective of
the size of the battery.

71, is a function of states, estimating 7, is an observer
design problem. Furthermore, utilizing model and state
information for optimal charging and discharging is a con-
trol problem, as indicated by the control algorithms block
in Figure 5.

Parameter Estimation

As the battery pack ages, its physical characteristics, such as
film resistance, diffusion coefficients, and other electrochem-
ical model parameters, change. To predict power and energy,
as well as to track aging of the battery, we need to track the
parameters of the electrochemical model, as indicated by the
parameter estimator block in Figure 5. However, not all
parameters have to be tracked, since some have negligible
effect, while others do not vary significantly with age. Unlike
an equivalent circuit model, these electrochemical model
parameters have a physical interpretation and thus are
directly correlated with aging of the pack. Knowledge of
these cell parameters can also be used to determine whether
any cell of the battery pack needs replacement.

FRAMEWORK FOR

THE LI-ION BATTERY MODEL

In this section, we reformulate the Li-ion battery model to
facilitate computation. This reformulation is exact but can
also be used to construct various approximations to the
electrochemical model.

Notational Background

Let C'(a, b) denote the set of real-valued, r-times continu-
ously differentiable functions with domain (a,b) € R.
Thus, C%(a, b) represents the set of functions that are con-
tinuous. By abuse of notation, C*(a, b) denotes the set of
discontinuous functions whose integrals exist and are
continuous. More precisely, this function space is a subset
of the Sobolev space HY(R) [26]. Thus, whereas piece-
wise-continuous functions belongs to C ' (R), an impulse
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function, usually described as the derivative of the Heavi-
side step function, does not belong to C '(R) since its
integral is discontinuous. Note that C“°(R) c C*(R)
C---CC'R) c C"Y(R), where C*(R) represents the space
of analytic functions.

A function map F takes an element of C'(a,b) to
C'(a,b), where r and g are integers. We write
F:C'(a,b) = C'(a, b). Also, F(g)°(a) denotes the evalu-
ation of the function map, applied to a function g, at
a € R. For example, consider the function map given by
the differential operator D: C"(a,b) — C""'(a, b), where r
is a positive integer. Since D(sin) =cos, we have
D(sin)°(a) = (cos)°(a) = cos(a).

Next, let g:R X R— R. Then, the t-restriction of g is
defined as g'(x) & g(x,t). Hence, ¢': R — R denotes the
value of g for each fixed t. For example, if c,(x,t) denotes
the concentration of electrolyte at x at time t, then ci(x) is
the concentration profile in space at time ¢. Hence, cH(x)
denotes a snapshot of the concentration profile. In a similar
fashion, the x-restriction ci(t) of c,(x,t) denotes the time
evolution of the concentration at each x. Furthermore, if
h:R — R, then /' is the scalar given by i’ = h(t) € R.

Reformulation of the PDE System
We begin by reducing the system of five PDEs (2)-(4), (10),
(14), and one algebraic equation (17) to two PDEs with time
derivatives and algebraic equations. We focus on either the
positive or negative electrode for this purpose. The spatial
domain is assumed to run from 0 to L. Thus, for the negative
and positive electrode, the corresponding domains are
[07,L7]and [0", L"], respectively (see Figure 2). The key
idea is to solve the PDEs explicitly in the spatial variable as
function maps. Furthermore, we assume throughout this
analysis that the input current I(#) is such that solutions to
the battery model given by (2)—(4), (10), (14), and (17) exist
and belong to [0, L] x ¢7'[0, L] x ¢7'[0,L] x ¢~'[0, L]
x C7Y0,L] x ¢7Y[0,L] for each time t and each spatial
domain discussed above.

PDE in Spatial Variables

Consider (14). Given I(t) € R, we have j,(x) € C7[0, L]
for each time t € R, where the integer 4 = —1. Note
that I' = I(t) is a scalar for each t € R. Now, we can solve
(14) as

e ) = [ aBj, (6 Dag + 1,10,
0

or, equivalently, as
) = [ abji(©)de +1,(9,
0

where i%(-) is an integration constant independent of x,
which is fixed based on the boundary condition. Note that
i,, is a function of ¢ through I(#). Define the function map
F;:C0,L] X R— 10, L] as
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FIGURE 7 Comparison of charging strategies applied to an aged
cell. Part (a) shows the voltage of the cell as it is charged, whereas
(b) shows the side reaction overpotential n, = ®;— ®, corre-
sponding to lithium plating in the negative electrode. As in Figure
6, in the first strategy marked by “A,” charging is stopped when the
voltage reaches 4.2 V. In (b), the overpotential is negative for the
last portion of charging between 2.872 A-h and 3.133 A-h, or
between 4.11 V and 4.2 V. Thus, strategy “A” overcharges the cell,
which damages it and may increase the risk of explosion. Com-
pared to “A,” strategy “B” stops charging at 4.11 V, where the over-
potential ng, = ®, — ®, at the separator [shown by ng(x=L") in
(b)] reaches zero since it is dangerous to continue charging.

Filg 000 2 | aFg@ae+i0. @)
0

Then it follows that a solution of the PDE in (14) for each
tis
i,(x, t) = if(x) = F,; (ju, I') o (x). (24)
Intuitively, (24) means that there exists an operator F;
such that, if we input the function f, along with the value of
the current I(t) for some time ¢ into F;, then the output i is
the spatial profile of ionic current density in the electrolyte
at time ¢. Thus, if j, is known, i, can be computed explicitly.
Since the boundary condition of the PDE is known, we
absorb the constant of integration in F;. Indeed, the con-
stant of integration is obtained by setting i, to either zero or
+I(t) at one of the boundaries (x =0 or x=L) of the
domain. Note that two boundary conditions must be satis-
fied since the value of i{(x) is known at both x =0 and
x = L. Depending on whether we consider the positive or
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negative electrode, or the separator, the boundary condi-
tions are given by

{i:(0), i(L)} =

{0, 1(1)}/{0,—I(t)} (for negative/positive electrode),
{I(t), —1(#)} (for separator). (25)

Since the PDE (14) is a first-order PDE, and thus
requires only one boundary condition, we obtain an
overconstrained problem. However, it turns out that the
additional boundary condition becomes a boundary con-
dition for (2) through the variable j, in the Butler-Volmer
kinetics given by (17). For now, we choose one of the
boundary conditions (at either x =0 or x =L) to deter-
mine i, in (23).

Next, we solve for the PDE (2) in a similar fashion as

D (x, t) = D(x) = Fo (ju, Io(x) + ¢, (1), (26)

where Fg : C[0, L] X R — C7*?[0, L] is defined as
Falg 000 2 1 (g 00) - 0w, @)
gJy

and ¢, (t) is an integration constant. Note that, unlike F; in
(23), we do not absorb the integration constant in Fg,. This
structure is chosen because we do not know the boundary
condition a priori, and thus, ¢, (t) is an unknown to
be determined.

Similarly, assuming a constant 1%, and performing some
manipulations, we can solve for the PDE in (3) for each
time t as

q)e(xrt) :CI)f,(x) :]:(I)‘,(]‘rtu Cet/ I')e(x), (28)
where Fg, : C10,L] x €110, L] X R — €720, L] is
fQ,(g/ h/ g) (x) :JO K(h(w)) dw
+ B A=) In(f b () + 6, (8,1, 0),
29)

and f., is a known function of /. In this case, since the
boundary condition for this PDE is known, we absorb
the constant of integration in the definition of F,. This
constant of integration is obtained by equating ®, to
zero at the current collector in the positive electrode.
Thus, Fg, (ji, ¢, I')°(07) = 0. Note that the constant of
integration ¢, depends on whether the domain under
consideration is the positive or negative electrode, or
the separator.

Summarizing, (24), (26), and (28) imply that if j,(x, t),
c,(x, t) and I(t) are given, then we obtain ®(x, t), ®,(x, ),

60 IEEE CONTROL SYSTEMS MAGAZINE » JUNE 2010

and 7,(x, t) (and hence i,(x, t) since i,(x, t) + i,(x, t) = I(t)
forall (x,t) € [0,L] X R).

Butler-Volmer Kinetics

We now derive the expressions determining the remaining
unknowns, namely, j,(x, t) and ¢, (t). Consider (15) and
(17). Substituting for ®; and ®, from (27) and (29), respec-
tively, in (15) yields

ns(x, 1) = Fo (ju, I')o(x) + bl — Fo, (i, by 1) °(x)

— U(ch(x)) = Ryft(x)E. (30)

Equation (30) suggests that we can express 7, as a function
of j,, ¢, ¢y, I, and ¢, for every x and t. Note that ¢}, = ¢, (t)
in (30) is the unknown boundary condition, described as
the constant of integration in (26). Similarly, the exchange
current density can be expressed as a function of ¢, and c
from (18). Therefore, the Butler-Volmer kinetics in (17) can be
expressed as

jn(xt) = u(x) = F; G e s, I ) (%), (31)

where F, :C7[0,L]x € [0, L]x 7 '[0, L]x Rx R—C7[0, L] is

o (x) a,F
Fi(f.g.h ¢ B)e(x) 2 ZOFx [eXP(RTm(X)>
—aF
~exp( )| 32
ip(x) & 7o (g(x)) % (g, max — 1(x) ) (R (x))*,
(33)
Ns(x) 2 F 4 (f, O)o(x) —Fg (f, g, £)°(x)
—U(h(x)) — Rf(x)F + B. (34)

The algebraic equation (31) must be satisfied for every
x and time t. Given the electrolyte concentration c.(x),
the surface concentration of the solid particle ct(x)
=¢,(x, R, t), and the current I', we need to find j},(x) and
¢, that satisfy (31). However, there are two unknowns
Ju(x, t) and ¢, (1), and only one equation, specifically, (31).
To solve for j, and ¢, together, we use the additional
boundary condition on i,. In the derivation of F; in (23), we
use the boundary condition 7,(0, t) = 0. Since i, also satis-
fies 1,(L,t) =I(t) at the separator-electrode interface,
substituting the boundary condition i,(L, t) =I(t) into
(24) yields
i,(L, t)=i(L) =F, (j;, I)(L) =I(t), (35)
which is an algebraic constraint on j,( -, ). Then, for a
given electrolyte concentration c,(x, t), surface concentra-
tion of the electrode cy(x,t), and current I(t), (31) and
(35) are solved together to obtain the molar flux j,(x, t)
and the boundary condition on ®; given by ¢, (t). Thus,
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the solutions of the full Li-ion battery model given by
(2)-(4), (10), (14), and (17) are equivalent to the solutions of
(4) and (10) involving dynamics in time, while satisfying
additional algebraic constraints in space given by (31) and
(35) at all times ¢.

The above analysis shows that the Li-ion battery model
(2)-(4), (10), (14), and (17) can be described by the two dif-
fusion equations (4) and (10), which capture the transport
of lithium in the electrolyte phase and solid phase, respec-
tively. The flux j,, which acts as the source and boundary
condition for (4) and (10), respectively, is obtained by solv-
ing the algebraic equations (31) and (35).

SIMPLE APPROXIMATION

OF THE REFORMULATED MODEL

Numerical techniques for solving (2)—(4), (10), (14), and (17)
involve discretizing the spatial domain to yield a system of
differential algebraic equations (DAEs). The algebraic
equations of the DAE are equivalent to the algebraic equa-
tions obtained by discretizing (31) and (35). However, these
equations are difficult to solve analytically without addi-
tional simplifying assumptions. We thus consider the spe-
cial case where no spatial variations are allowed. We use
the reformulated Li-ion battery model (4), (10), (31), and
(35) and demonstrate the generality of this form by deriv-
ing an approximate model [19], [20], [27]. We use the coars-
est possible discretization for the spatial variable x in (4),
(10), (31), and (35), specifically, one node for the positive
and negative electrode each, and one node for the separator.

Electrochemical Model

This simplification yields the approximate model known
as the single particle model (SPM) [19], [20], [27].

Assumptions Involving

the Approximation

The SPM is illustrated in Figure 8, where quantities at the
nodes represent averages over the entire domain. Further-
more, we assume that dc,/dx = 0 and dc,/dt = 0. This
approximation holds if I is small or « is large. Then
c.(x,t) = . Also, (4) implies i,(x, t) = i,, (), which implies
that, within each domain (positive electrode, negative elec-
trode, or separator), i, remains constant with respect to x.
Then we can express i, for the entire electrode by one value
in each spatial domain of the cell.

Solution for the Single Particle Model

Since each domain is represented by only one node, we
express the corresponding variables in the positive elec-
trode as scalar functions of time denoted as j, (¢), i, (¢),
DS (t), DS (t), ¢ (1), ¢ (r,1), and similarly for the nega-
tive electrode, as shown in Figure 8. In this case, the
function maps can be directly solved for the reformu-
lated model (4), (10), (31), and (35). From (23) and (24),
we obtain

0=1(0%,t) =i (t) = F; (j, 1')°(07)

0+
=J aFjitdé +i, (1) =i, ().
o+
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FIGURE 8 Single particle model. Since only one node is chosen in the electrode, there is only one solid spherical particle. Furthermore,
we can consider the value at each node to be an averaged quantity over the electrode. This simplification holds only for small currents

or for an electrolyte with a high ionic conductance.
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Thus, i, (I') =0 is obtained from the boundary condition
i,(0%,t) =i () = 0. Next, substituting this boundary con-
dition in F;, and solving (35) implies that

= I(t) =i (t) =i, (L*, t) = F,; (ji, I') (L")
L+

= J a*Fjildé =g 'L a*F,
o

where P (t) is the current in the separator and hence,

o
Fa'L*’

() =jit= (36)
Continuing in the above fashion, it follows from (26) and

(27), that

ot

010 = [ G0 - 1w+ 0 (0 =4 (). ()

o+
Similarly, since ¢, (t) =0 from the boundary condition
®, =0 at the current collector of the positive electrode, it
follows that @, () = 0. Finally, we apply the last algebraic
constraint (31) to (36), and, choosing «, = a, =1/2, it fol-
lows that

—I(t)

oyt = et cdc (1) (¢ max — €4 (1)) sinh(n™),  (38)
+ I3 + + + Rf+l(t)
n _ﬁ((ﬁlo(t) -u (Css(t)) + a+L+ )/ (39)

where U () is the OCP of the positive electrode and is
assumed known.
Similarly, for the negative electrode, we obtain

0=1:,(0",t) =i, (t) = F, (ji, I)°(0")
N
:f o Fjy e + i, (1) = i, (1),
N

Thus, the boundary condition 7,(07, ) =i, (t) = 0 implies
i, (I(t)) = 0. Substituting this boundary condition into F;
and solving (35) implies

I(t) = i (t) =i (L7, 1) = F; (ja, [)°(L7)
-

:J a“Fj,'dé =j;"'L7a"F,
o
where #P(t) is the current in the separator and hence,

I(t)
Fa L~

ju () =jp' = (40)

Equations (26) and (27) imply that
1(°
or (=2 ) - 10w+ 60 =650, @
gJgy-

Furthermore, (29) with the boundary condition ®, =0 at
the current collector of the positive electrode yields
¢, (1) = 0. Hence,
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0-

O (1) = — H i,(x, t)dx,
o

where the limits of integration denote that the integration
is from the positive current collector to the negative current
collector. Following the assumption for the SPM that I (t) is
small, or the conductance kislarge, weobtain |I(t) | /x << 1.
Since |i,(x,t) | = |I(t) | in the cell, it follows that

0-

;1) =~ i nax=o, )
Kot
Lastly, since a, = a, = 1/2, (31) yields
Zi(fL)’ = reff\/cfcs’s (£) (comax = Cs (£)) sinh(n ™),  (43)
__F _ o R7I(t)
n —ﬁ(%(t) — U (e (1) — p— ) (44)

where U™ () is the OCP of the negative electrode and is
assumed known. We can solve (38) and (39) for ¢, (t), and
(43) and (44) for ¢ (t), yielding & (t) from (37) and
@, (t) from (41). Note that ®; (t) and @, (t) are equal to
their boundary values ¢ (t) and ¢, (t), respectively. Also,
weneed tocompute ¢ (t) = ¢, (R, t) and ¢, (t) = ¢, (R,, t)
by solving the PDE (4), where j,(x, t)=j,/(t) and
julx, t) =j, (t), respectively. Then, the output voltage
V(t) = ¢ (1) = ¢, (1).

Summary of the Approximate Model

Summarizing, the approximate model (SPM [19], [20], [27])
is given as follows. Let I(#) be the input current to the bat-
tery. Then, the output voltage of the battery is computed
as V(t) =g (t) — ¢ (1), where ¢, (t) and ¢ (t) are
obtained by solving (43), (44), and (38), (39), respectively,
and are given as

B 2RT . _ I(t)
() = nh 1( )
d)U( ) F . Zafoi’eff\/CSCS;(t) (C;max_cs;(t))
R7I(t)

+ U (e (1) + L (45)
bs (1) = 2RTs,inlfl( 10 )
K F 2a+L+reff CSC;; (t) (Cgmax - Cng (t))
RF1(t)

+U (i (1)) + (46)

atLt’

where ¢ (t) 2 ¢; (R, ,t) and ¢ (t) 2 ¢ (R, t). The con-
centrations ¢, (R, t) and ¢, (R, t) are obtained by solv-
ing the PDEs
deg (1) 1 9
& —( 47)

acy (r, t
D’rzi) B
Jt e or

s ar
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where the boundary and initial conditions are given by

ocs 0 48
ar et (48)
r=0
dcy B I(t)
ar  D;Fa L’ )
r=R;
c(r,0)=c""(r), (50)
and
cl(r,t) 19 / 3c+(r,t))
= Dfr*— , 51
ot P2ar\ A (D)
where boundary and initial conditions are given by
g =0 52
ar et (52)
r=0
acs I(t)
=——, 53
ar DfFa*L" (53)
r:R;'
¢ (r,0) =c" (r). (54)

The reformulated model (4), (10), (31), and (35) can also
be used to approximate the electrochemical model using
approaches such as proper orthogonal decomposition
(POD) [28], spectral methods [22], and model reformulation
methods [29].

EXPERIMENTAL AND SIMULATION RESULTS

We now compare the electrochemical model for Li-ion cells
given by (4) and (10), along with the algebraic constraints (31)
and (35), with experiments. We also present results that com-
pare the SPM given by (45)—(47), and (51) with the same exper-
imental data and also with the electrochemical model (4), (10),
(31), and (35).

Various tests can be performed to obtain experimental
data for validating a cell model. Some examples of these
tests include constant-current charge and discharge at dif-
ferent C rates, hybrid pulse-power characterization (HPPC)
[30], and various drive cycles. For validation purposes rel-
evant to automotive applications, we present experimental
results for a measured drive cycle of a hybrid electric vehi-
cle. Experiments are carried out on a commercial 18650
Li-ion cell, where the input current to the cell is based on a
HEV power profile measurement. For the experiments on
the commercial 18650 Li-ion cell, all measurements are per-
formed on an Arbin BT2000 battery tester.

To obtain the parameters of the cell model, we either
directly measure the physical parameters, or fit them to data
obtained from experiments. In this case, the OCPs of the
individual materials are measured in half-cell experiments.
The key parameters fitted to the 18650 cell are the individual

volume fractions and the total lithium content in the solid
electrode. Of the remaining model parameters, most are
either measured directly or adopted from the literature [24].

The current applied to the 18650 cell, as calculated from a
measured power profile of an HEV driving aggressively in the
city and on a German highway;, is depicted in Figure 9. Also
shown in Figure 9 is the bulk SOC swing computed for the
applied current; see “Utilization and State of Charge” for more
details on how to compute bulk SOC. The initial value of the
bulk SOC is normalized to have a value of one at a rest voltage
of 4.2V, and the nominal capacity is defined as the capacity
discharged between 4.2 V and 2.8 V quasi-statically. The nom-
inal capacity is measured to be about 1.5 A-h.

The resulting output voltage from the electrochemical
model and the SPM is shown in Figure 10, along with
the experimental results. Figure 10(b) and (c) shows a
zoomed-in version of Figure 10(a) for several time win-
dows. As shown in Figure 10, the electrochemical model has
a measured mean error of about 13 mV. Furthermore, as
shown in Figure 10, the SPM captures the trends of the
experimental data. However, the SPM has a mean error of
28 mV. Comparing the plots in Figure 10 with the plot for
the applied input current in Figure 9(a), we see that the
errors in the SPM occur for either large values of applied
current or during relaxation after applying a current pulse

5
< 0
=
e -5
>
O

-10

0 10 20 30 40 50 60 70 80
(a)

SOC

0.2 : . . : : . . .
0 10 20 30 40 50 60 70 80
Time (min)
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FIGURE 9 (a) Applied current and (b) time evolution of the bulk state
of charge (SOC) of the 18650 cell. The current applied to the 18650
cell, as calculated from a measured power profile of a hybrid elec-
tric vehicle driving aggressively in the city and on a German high-
way, is depicted in (a). As shown in (a), the applied current is as
high as 10 A in discharge and more than 4 A in charge. The 18650
cell has a nominal capacity of around 1.5 A-h. In (b), we present the
corresponding bulk SOC swing (from a maximum of 0.76 to a mini-
mum of 0.35) for the applied current, where the initial bulk SOC is
normalized to be one at the rest voltage 4.2 V and zero at the rest
voltage 2.8 V.
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The design of a sophisticated BMS is necessary to ensure longevity
and performance since battery behavior can change with time.

with a longer duration. This behavior is expected since the
SPM does not model spatial variation of the states in the
cell, including the variation of the electrolyte concentration.
These spatial variations become more prominent in the cell
for either large currents or for long-duration pulses.

Depending on accuracy requirements, these experimen-
tal results suggest that SPM might not be valid for the oper-
ating region encountered for EV applications. We next
simulate the SPM for several rates of constant discharge
currents to investigate its limitations as an approximation to
the electrochemical model. A related comparison presented
in [20] is based on only output voltage error for a high-
power application cell, and error in states such as solid-
phase concentration are not studied.

We next consider two sets of cells that include a high-
power configuration with applications in HEVs, as well as a
high-energy cell with applications in EVs and PHEVs. We
compare output voltages computed from the two models,
and also compare surface concentrations c, in the solid elec-
trode. The comparison of surface concentration ¢, can then
be used as an indicator of when the approximate model
starts to fail.

High-Power Cell

We consider a high-power cell configuration with thin elec-

trodes and separator. The nominal capacity of the cell is 1.5

A-h, and constant currents at C/5,1 C, 5 C, and 10 C are

applied (see “C Rate of a Current” for more details). The
corresponding voltages for the full
electrochemical model and the SPM

4.5 T T T T T T

Voltage [V]

are shown in Figure 11, where the
discharge curves are almost indistin-
N guishable until 1 C. A similar result is
’ reported in [20].

As shown in Figure 12, until 1 C
the surface concentrations in the
" negative electrode are uniform, that
i is, ¢ (x=07) = ¢ (x) =c,(x=L"),

3 1 1 1 1 1 1
0 10 20 30 40 50 60

Time (min)

(a)

with some transient deviations at
mid-capacity discharge points. The
surface concentration in SPM is
the average surface concentration in

Voltage (V)

the electrode. Since each electrode has
only one node, the respective quanti-
ties at these nodes represent the aver-
age over the electrodes. At 5 C and 10
C, the uniformity in the concentration
is lost, and the SPM is no longer valid.

34 3 This failure of the approximation is
19 19.5 20 20.5 54 55 56 57 58 noted in the corresponding rate plots
Time (min) Time (min) in Figure 11. The difference between

(b) © the surface concentrations at the two

— Experiment  ----- Full Model ----- SPM ends of the electrode (x=0" and

FIGURE 10 Comparison of the experimentally observed voltage response of a commercial
18650 cell with the full model and the single particle model (SPM). The full model matches
the voltage response with a mean error of 13 mV. Compared to the full model, the SPM has
a mean error of 28 mV, which is more than twice that of the full model. As shown in (a), (b),
and (c), the errors in the SPM increase in magnitude for either large values of applied cur-
rent, or during relaxation after applying a current pulse with a longer duration. These results
suggest that the SPM is not able to model spatial variation of the states in the cell including
those of electrolyte concentration. These spatial variations in the electrode become more

prominent for either large currents or long-duration pulses.
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x=L"), in addition to being a func-
tion of the current density, is related
to the slope of the OCP.

Finally, for a typical high-power
application such as HEV or a power
tool, the currents can be as high as 50 C
for short durations. Thus, in these situ-
ations, a better approximation than
SPM might be required.
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High-Energy Cell

Similar to the high-power configura-
tion case, we now compare the SPM
with the full model for a high-energy
cell configuration. Compared to the
high-power cell, the electrodes of the
high-energy cell are almost three times
as thick, resulting in a cell with a nom-
inal capacity of 3.5 A-h.

Similar to figures 11 and 12, the
corresponding plots for the high-
energy cell are given in figures 13
and 14, respectively. The applied cur-
rents are C/25, C/2, 1 C, and 2 C.
The C rates of the applied currents
for the high-energy cell are chosen
lower compared to high-power cells.
This choice of currents follows from
the fact that, for high-energy appli-
cations such as in EVs, the C rates of
the operating currents are usually
lower compared to the high-power
cell applications. Also, the cell capac-
ity is larger, further reducing C rates
of the current. However, transient
currents may be expected to be as
high as 4-5 C.

The plots for the high-energy cell
in figures 13 and 14 show behavior
similar to the high-power cell, ex-
cept that the SPM model fails at cur-
rents above C/2. In fact, even at
C /2, the variance in the surface con-
centrations shown in Figure 14 is
large, suggesting that the SPM has
significant errors in its prediction of
cell states.

CURRENT STATUS

AND FUTURE CHALLENGES

FOR ADVANCED BMS

The design of a BMS for a Li-ion bat-
tery pack must address the complex-
ity of the model of a Li-ion cell as
well as the requirements for estimat-
ing states and parameters. A key fea-
ture of an advanced BMS is that it
uses a physics-based electrochemi-
cal model instead of an equivalent
circuit model. In contrast to equiva-
lent circuit models (see “Equivalent
Circuit Models in BMS”), alternative
models are considered in [22], [27]-
[29], [31], and [32], including electro-
chemical models. These models can

45 4.5
— Full Model — Full Model
S 4 --SPM s 4 --SPM
(0] (0]
g 3.5 g 35
>O 3 C/5 g 3 1C
25 25
0 0.5 1 1.5 0 0.5 1 1.5
Discharge Capacity (A-h) Discharge Capacity (A-h)
(a) (b)
4.5 4.5
— Full Model — Full Model
S 4 --SPM S 4R --SPM
(0] (]
E 3.5 g 3.5 \\
E) o \
> 3 5C > 3 10C
25 25
0 0.5 1 1.5 0 0.5 1 1.5

Discharge Capacity (A-h) Discharge Capacity (A-h)
() (d)

FIGURE 11 Comparison of the full model and the single particle model (SPM) for a high-power
cell configuration. As shown in (a) and (b), the SPM performs acceptably until 1 C, after which
the deviation between the full model and the SPM increases drastically. This deviation is
expected since the SPM is based on the assumption that currents are small, and the electro-
lyte conductivity is large enough to avoid buildup of concentration gradients. Note that the
SPM fails for higher currents in (c) and (d) since the concentration profiles in the electrode are
no longer uniform, and hence the approximation of using a single particle is no longer valid.

0.8 0.8

0 0.5 1 1.5 0O 0.5 1 1.5
Discharge Capacity (A-h) Discharge Capacity (A-h)

(a) (b)

0
0O 02 04 06 08 0O 02 04 06 08
Discharge Capacity (A-h) Discharge Capacity (A-h)

(© (d)
Cs(SPM)

- Cs(x=07) — Cgs(x=L")

FIGURE 12 Surface concentrations computed from the electrochemical model and from
the single particle model (SPM) for a high-power cell. As shown in (a) and (b), until 1 C
current, the surface concentrations are uniform, that s, c;(x=0") = ¢, (x= L"), and the
concentration computed from the SPM represents the mean of the value. However, for
higher rates the uniformity breaks down, and the SPM is no longer a useful approximation,
since the average concentration from the SPM does not capture the variation in kinetics in
the electrode. As seen in (c) and (d), this breakdown of the approximation appears in the
form of a large deviation in surface concentration over the electrode. Therefore, the SPM
fails to predict the correct voltage for the rates 5 C and 10 C as shown in Figure 11.
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FIGURE 13 Comparison of the electrochemical model and the single particle model (SPM)
for a high-energy cell. As seen in (a) and (b), the SPM is a useful approximation until C/2,
above which the deviation between the electrochemical model and the SPM increases
drastically. The failure observed in (c) and (d), at low C rates compared to high-power
cells, is due to thicker electrodes in the high-energy cells yielding less nonuniform con-
centration profiles in the electrodes.
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FIGURE 14 Surface concentrations computed from the electrochemical model and from
the single particle model (SPM) for a high-energy cell. As shown in (a) and (b), the sur-
face concentrations of the electrochemical model start to become nonuniform at C/2,
and the concentration computed from the SPM represents the mean of the value. How-
ever, the large deviations between ¢, (x=0") and c,(x= L") suggest that the state
information predicted by the SPM might be incorrect. As shown in (c) and (d), at higher
rates (1 C and 2 C), the deviation in concentration compared to the mean concentration
is large. Thus, the SPM fails to predict the correct voltage as shown in Figure 13.
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be an empirical model with some
electrochemical modeling informa-
tion [31], [32], Laplace transform of
the linearized electrochemical model
[22], the single particle model [27],
or an approximation based on either
a modal deconstruction or model
reformulation technique [28], [29].
Empirical models that include hys-
teresis are developed in [31] and [32].
As pointed out in [27], although
empirical models can be used [31],
[32], they suffer from the same limita-
tion as equivalent circuits in that
physical significance of the parame-
ters is lost. Hence, physical insight
into the battery is lost. In [22], Laplace
transform methods in conjunction
with linearization of Butler-Volmer
kinetics (17) about a fixed SOC are
used to identify approximate linear
models. As expected, this model is
less accurate over a large range of
operation than the electrochemical
model since it linearizes the Butler-
Volmer kinetics and the OCP func-
tion. In [22], this problem is tackled
by identifying the linear models at
different operating points. While this
nonlinear modification improves the
performance of the model, it is sub-
jected to the same limitations as those
observed for equivalent circuit
models, in that the physical signifi-
cance of parameters is lost. In [27], a
Kalman filter is designed for an
approximate model based on SPM.
This model is based on solving the
PDE in the r-spatial domain given by
(10) using an approximate polyno-
mial expansion [33]. This approxima-
tion yields a further simplification of
the SPM. As shown above, the SPM
model itself is valid up to only 1 C
current for high-power cells. Even for
lower C rates, especially in high
energy cells, this estimation approach
might fail since, as shown in Figure
13, the SPM is no longer a useful
approximation of the electrochemical
model. POD or model reformulation
methods are used in [28] and [29] to
obtain cell models. However, com-
pared to the SPM, models obtained
by these methods are described by a
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Equivalent Circuit Models in BMS
I n [3], [6], and [8]-[11], an equivalent circuit model is used
for the design of the BMS. This choice is primarily due to
the early prevalence of BMS for portable electronics, where
the approximation of the battery model with an equivalent
circuit model is adequate. This modeling approach is then
extended to Li-ion batteries for automotive or similar energy
storage applications. Unfortunately, direct transplantation of
the equivalent circuit-based BMS from portable electronics to
the automotive application area can expose it to two serious
pitfalls. First, the theoretical basis for equivalent circuit mod-
els is based on the response of the battery to a low-amplitude
ac signal. Thus, equivalent circuit models have limited use-
fulness for automotive applications, where higher accuracy is
required compared to portable electronic applications, espe-
cially during operations involving both microcycling and deep
cycling. The operational regime of a battery involving high

large set of differential algebraic equations that need to be
solved in real time for the BMS and require high-fidelity
numerical solutions to capture the dynamics of the bat-
tery as it ages.

Independent of the scope of the work, [22], [27]-[29],
[31], and [32] suggest using approximations of electro-
chemical models, or alternative physics-based models, to
improve the accuracy of estimation algorithms for the
BMS. As shown in the section “Framework for the Li-Ion
Battery Model,” the Li-ion battery model consists of the
diffusion equations (4) and (10) with flux j, as the source
and boundary condition, respectively. Thus, estimation
or control techniques developed for parabolic PDEs [34]
can potentially address these problems for the Li-ion bat-
tery. However, the coupling between the two PDEs
through j, inhibits the straightforward implementation
of techniques studied in [34].

With this picture in mind, we mention future work that
needs to be addressed for the design of improved and
sophisticated BMS. Referring to the section “Control and
Estimation Challenges for Li-lon Batteries,” the future chal-
lenges are characterization of an approximation, that is,
reduction of the full electrochemical model given by PDEs
(4) and (10), and the algebraic equations (31) and (35), such
that the model is simple enough to be analytically tractable
and, yet, is as accurate as the electrochemical model. Retain-
ing the physical significance of the parameters is critically
essential since it helps in characterizing aging phenomena in
batteries. Since the electrochemical model has physical
parameters that are difficult and time consuming to identify,
a quick offline estimation strategy to identify these parame-
ters for new cell chemistries is required. Next, the design of
simple algorithms for observing states of this model is an
open problem, especially when applied to a battery pack

current charge/discharge pulses with small change in SOC
is called microcycling, whereas deep cycling corresponds to
an operational regime involving low current pulses with large
SOC changes.

As in linearization techniques, the equivalent circuit model
can be extended by letting the circuit parameters depend on
SOC [8]-[11] and temperature, or even the applied current.
However, this approach yields the second pitfall, wherein a
large number of parameters is needed to fit the equivalent cir-
cuit model. Thus, the complex electrochemical model of a bat-
tery is replaced by a complicated equivalent circuit model due
to the variation of parameters that need fitting as functions of
current, temperature, and SOC. Furthermore, since these
parameters turn into mere fitting parameters for the model, the
physical intuition behind the meaning of these parameters in
an equivalent circuit model is lost.

and not just one cell. Finally, real-time estimation of all
parameters of the model and online identification of the
state of health of the pack by tracking relevant physical
parameters is an open problem.
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