
Criticality Computation in Parameterized Statistical Timing

Jinjun Xiong Vladimir Zolotov Natesan Venkateswaran Chandu Visweswariah
Univ. of California IBM Research IBM Sys. & Tech. Group IBM Research
Los Angeles, CA Yorktown Heights, NY East Fishkill, NY Yorktown Heights, NY�����������	�
�������������� ���������������� �!������"����!����#$���!����%&�
��"�����'�()������(

ABSTRACT*	+�, -�.0/2143�5!6�14798:5�;:<�=>,?3A@4BC3�/D8:<974+�3!E�F E�G�HI+	1:J$<K.:+!EMLN3OFP1�;:G$<-	1�;�14/)<98:;:,?7IJ�14;:,P148Q, E�3!.�RN1�3�=S1)LTE�;:.:<�3�,U3�GO8:;:<V3!=W,U.X-�;:<9=�, 798:<V=ZY[ +�<�.:<\-]14;�1�/)<98:;:, 70J�14;:,P148�,UE$3�.T/21�^$<_79,U;:795�,U8`E�-�8:, /a,?bc1d8:, E�3e=!,?fag7V5!F?8_.:,U3�7�<h=�,Ui&<�;:<93�80-Z1�8:+�.a1d;:<K6�;:<9jc5�<V3!79Hcg�FU,U/),U8:,?3�GC, 3>=�,?ik<9;:<93c8-	1�;:8:.lE�6`8:+�<)/h5�FU8�,Ug�=!,?/a<93�.:, E�3Z1dFZ-!;:E�79<�.:.l.:-	1�79<�Y [ +!<9;:<96 E�;:<cR&,?8,U.l=�<�.:,?;�14m�FU<h8:En+	1:J$<O1o3!<9Lp=�,P1�G�3�E�.:8:,?7)/a<V8:;:, 7h6�E$;\;:E�m�5�.:8l79,?;:g7V5!,?8NE$-�8:,U/),Ub�1d8:,?E�3	Y [ +�, .q-Z14-&<�;q-!;:<9.:<93c8:.h1N3!EMJ�<9F`1dFUG$E$;:,U8�+!/r8QE7VE�/a-!5�8:<\8:+�<\7V;:, 8:,?7c1dF ,?8QH)-!;:E$m	1�m�,UF?,U8PHCE�6s<VJ�<9;:Ha<9=�G$<_,U3I8:+�<\8:,?/ag,U3�G>G$;�14-�+tE$6o1X=�<9.:,?G�3tLN,?8:+tF?,U3�<�1d;o79E�/a-�FU<9u�, 8PHO, 3v8:+!<)79, ;:7V5!,?8.d,?b9<cY]w0.d,?3!GK,?3!=�5!.:8:;:,P14F&mk<93�7�+!/21d;:^�.�R$L`<_J�<9;:,U6�H)8:+�<_7VE$;:;:<97�8�3�<9.d.E$6qE�5�;o7�;:,?8:,U7�14F?,U8PH279E$/a-�5�8�1�8:,UE�3tJc,P1yxaE$3c8�<v*N1�;:FUEn.d,U/h5!FP1d8:,UE$3ZYz <I14F?.:EC.:+!EML{8:+	148|6 E�;|FQ1�;:G$<K,?3!=�5!.:8:;:,Q1�F}=!<9.d,?G$3�._LN,?8:+>~�~&�$R B$B�BGk1�8:<9.�RZE�5�;21�FUG$E�;�,?8:+�/�79E�/a-!5�8:<9.21dFUFN<V=!G$<n79;:,U8:,U7�1�FU,U8:,?<9.), 3AF?<9.d.8:+	1�3����4BC.:<979E�3�=!.�Y [ +�<K+�,UG$+�1d79795!;�1�79HW1d3!=O6�1�.d8|.�-k<V<9=>E�6Z8:+�<1�FUG�E�;:,?8:+!/�LK1�;:;�143�8N6 5!8:5�;:<e14-�-!F?,U7c1�8:,?E�3IE�6]7V;:,U8:,U7c1dFU,U8�HI-�;:E�m	1�m!,?F?g,U8�Hn6 E$;|;:E$m�5!.:8|79,?;:795!,?8|E$-�8:,?/a,?bc148:,?E$3	Y
1. INTRODUCTION� .q8:<97�+!3�E�F?E$G$H)3!E�=�<9.q.d+�;:, 3�^a8�Ey@�BK3�/�1d3!=Cmk<9FUEMLhR$,U8`mk<979E�/a<�./)E�;:<C=!,?fa7�5�F 8K8:EO/21d3c5�6d1d798:5!;:<e7�+�,U-�.XL|,?8:+WG$5	1�;�143�8:<V<�=W-	1�;�1�g/)<98:;:, 7y8:,U/),U3�GtHc,?<9FU=�=�5�<>8:E�.d5�m�.:8�143�8:,P14F|,U3�79;:<c14.:<yE$6l-�;:Ec79<9.d.J!1�;:,P148:,?E�3!.y�U���QYe�Q6N8:+�<9.d<C<�i&<�798:.n14;:<C3�E�8K79E$3�.:, =�<�;:<9=W-�;:E$-k<9;:F?H�R8:+�<e-&E�8:<93�8:,Q1�F`6�E�;K.d,?FU,U79E�3W6d1�,UF?5!;:<C,U.X+�,UG$+ZRq143�=t8:+!<�1�.:.dE�79,Q1�8:<9=7VE�.:8`6�E$;\1N=�<9.d,?G�3a;:<9g�.:-�,U3C,?.`-!;:E$+�,?m!,?8:,?J�<cY [ +�<9;:<�6�E�;:<�R�.:8�1�8:,?.d8:,?7c14F/)<98:+!Ec=�.C+Z1�J�<>;:<97V<93c8�F H{1d8:8:;�14798:<9=�148�8:<�3�8:,?E�3�1�.�1e-�;:E�/),U.:,U3�G1�-�-�;:Ek147�+y8:Ea,?/a-�;:EMJ�<l-Z1�;�1�/a<98:;:,?7o8:,?/a,U3�G)H�,?<9FU=]Y�P3W8:+!<C=�<98:<9;:/a,U3�, .:8:,?7�1�-�-!;:Ek1d74+	RT1)7�,?;:795!,?8h,?.XE�-!8:,?/a,?b�<9=W6 E�;1y.:,?3�G$FU<O79E$/hm!,?3Z1d8:,?E�3�E�6\-!;:E�79<�.:.e-Z1d;�14/a<98:<V;:.�Y��_EMLT<9J$<V;�Ro14.1O;:<9.:5�FU8nE�6K/2143�5�6:14798:5�;:,U3�G�Lq<v;:<�79<9,?J�<v74+�,?-!.y7VE$;:;:<�.:-kE$3�=�,U3�G8:EOJ�1d;�,?E�5!.K7�E$/hm�,U3]148:,?E$3!.hE$6N-�;:Ec79<9.d.K-Z1d;�14/a<98:<9;:.�Yv�`<98:<V;:/a, 3�g,U.:8:,?7yE�-�8:,?/a,Ubc1�8:,?E�3A7�1�3�3�E$8)G�5]14;�1�3c8:<9<n8:+	1�8)8:+!<n74+�,?-�.�1d8:,U.d��<�.=�<9.:,UG$3W;:<9jc5�,U;:<V/a<93c8:.K6�E$;y1�F?FqE�;X/)E$.d8KE$6N8:+!<V.:<I7VE$/hm!,?3Z1d8:,UE$3�.�Y�M8�1�8:,?.d8:,?7c1�FoE�-!8:,?/a,?bc148:,?E$3��?��Rh��RN~$�o,?.y8�14;:G�<98:<9=S8:EA.:E�F?J�<v8:+�,U.-�;:E$m�FU<�/OY [ +!<NG�E&1�F�E$6k.d8M148:,?.:8:,U7c1�F�E$-!8:,?/a,?bc1�8:,UE�3a,U.
8:Eo/O1�uc,?/a, bV<Hc,?<9FU=2L0+�,UFU<X.�148:,?.:6�H�,U3�Gn8�, /),U3�GkR�14;:<c1�R&-kE�Lq<9;e1�3�=2E�8:+�<V;l=!<9.:,UG$37VE�3!.:8:;�1d,U3c8:.�Y [ +�,?.lG$E�1dFZ7c1�3vm&<>1�7�+!,?<9J�<9=2E�3!F?H>mcH>79E�3!.:,U=�<9;:,U3�G8:+�<\LN+�E$F?<\.:-	1�7�<0E�6s-�;:Ec79<9.d.qJ!1�;:,P148:,?E�3!.�YN�Z14;�1d/a<98:<9;:,Ub9<9=e.:8�148:,?.:g8:,U7c1dF}.d8M1�8:,U7\8:,U/), 3�G21�3	1�F?Hc.:, .h�:��� [ �C� �U�$R��4��-!;:EMJc,?=!<9.N8:+]148N^�,U3�=E$6Z<9u�-!F?E�;�1d8:,UE$3	Rc7�E$/a-�5�8:,?3!GC8:+�<K79,U;:795�,U8|=!<9FP1�Ht14.a106�5�3�798:,?E�3>E�6-�;:Ec79<9.:.C-Z1d;�1�/a<98:<V;:.�Y�w\3�6�E$;:8:5�3	1�8:<9F?HcR`^c3�E�LN,?3!G�7�,U;:7V5!,?8C=!<9FP1�H,U.03!E$80<93�E$5!G$+	Y [ +!<KE�-!8:,?/a,Ubc1�8:,?E�3O3�<9<9=�.\/aE�;:<h=�<98�14,?F?<9=OG�5�, =�g1�3�7�<N8�Eo.:<VF <97V8
7V,U;:7V5!,?8�6�;�1�G�/a<�3�8:.�;:<9jc5!,?;:,?3!Gl,U/a-�;:E�J�<9/a<93c8�Y [ +�<8:,U/a,?3!Gy1�3	1�FUH�b9<9;T=�;:,?J�<9.T=�<98:<9;:/a,?3!,?.d8:,?7\E�-!8:,?/a,Ubc1�8:,?E�3emcHa,U=�<�3�8:,?g6�H�, 3�GW1o79;:,U8�,U7c1�FZ-	1�8:+ZY0�Q328:+�<X-!;:<9.:<V3!79<XE$6
-!;:E�79<9.d.lJ�1d;:,�1d8:,UE$3�.�R8:+�<C79;:,U8�, 7�1�Fq-]148:+�, .K3!E�8K5!3!,?j�5�<Cmk<97c145�.d<C=!,?ik<9;:<93c8K-	1�8:+�.h7c1�3mk<o7V;:,U8:,U7c1dFs,?3>=�, i!<�;:<93�8|;:<9G$,UE$3�.0E�6	8:+!<\-!;:Ec79<9.:.|.:-Z1d7�<cY[ +�<9;:<0,U.\1T5!.:<96�5�F&F?E�G�,?7c14F!<Vu�8:<V3!.:,?E�3aE�6k8:+�<|79E�3�7�<9-�8
E�6
1T79;:,?8:g,U7c1dFZ-Z1�8:+v7c1dF F?<9=v79;:,?8:,?7c14F?,?8QHO-�;:E�m	1�m�,UF?,U8PHA�U���QYC�M,U/a,?FP14;l79E�3!79<9-�8:.

Lq<�;:<I5!.:<V=�,U3A8:+�<n79E$3c8:<9uc8XE$6)���l� [ 3�<V8QLqE$;:^�.aL|+�<9;:<n,?8aLo1d.7c14F?F?<9=W7V;�,?8:,?7c14F?,?8QHv,?3!=�<�u�� �d�QY [ +!<C79;:,U8:,?7c1�FU,?8QHvE$6h1X-	1�8:+W,?.h8:+�<-!;:E�mZ1dm!,?F ,?8PH�E�6o/2143�5!6�14798:5�;d,U3�G{1y74+�,U-�,?3�LN+!,?74+�8:+!<2-	1�8:+�,?.79;:,U8�,U7c1�FQY [ +�<o+�,UG$+�<9;|8:+!<o79;:,?8:,U7c1�F?,U8PH�R�8:+!<o/)E$;:<o,U/a-kE$;:8�1d3�8|,?8|,?.8:EK,?/a-!;:EMJ�<|8:+!<08�,U/a,?3!GK7�+	14;�1d798:<9;:,U.:8:,?79.qE�6}8:+�<_-]148:+]Y]�P3��? ��!, 8
,?..:+!EML|3h8:+Z1�8Z8:+�<T79;:,?8:,U7c1�F?,U8QHoE$6Z1
-Z1d8:+),?.�<9j�5Z1dF�8QEl8:+�<N.:<V3!.:,?8:, J�,?8PHE$6N8:+�<e/a<c1�3tE�6N8:+�<e79,U;:795�, 8K=�<9FP1dHvLN,?8:+W;:<�.:-k<9798K8:EO8:+!<C/)<�1�3E$6N8:+�<C-Z1d8:+W=�<�FQ1�HcYv¡`6�8:<V3t8:+!<C7VE$3!7V<9-!8KE$6N7V;:,U8:,?7c1�FU,?8PH�,?.K/aE$;:<79E�3�J$<93�,U<93�8_8:+	143O.:<�3�.:,U8:,UJc,?8QH�YN¢Z,U;:.:8�R�8:+�<X=�<9�!3�,?8:,UE$3OE$6�7�;:,?8:,U7�14F?g,?8QHa,?.T.:,?/a-�F?<9;�R$79F?<c14;:<9;l1�3!=e/aE�;:<\,?3c8�5!,?8:,UJ$<cYN��<�79E�3!=]R$7�;:,U8:,?7c1�FU,?8PH79E�/)-�5�8�1�8:,?E�3C=�E�<V.`3�E$8
;:<9jc5!,?;:<|79E�/a-�F ,?7c1�8�<�=a7�+Z1�,U3a;:5�FU,U3�Gh5�.:<9=6�E�;`79E$/a-�5�8:,?3!GK.:<93!.:,?8:,UJ�,?8:, <9.�R!14.`,U3v�? ��QY [ +!,?;:=	R�LT<|=!<9��3�<)1q3!<VL79E�3�79<�-�8\7c1dF F?<9=O7VE�3�=�,?8:, E�3Z1�F]79;:, 8Q, 7c1dF ,?8PHy8:+]148_G�, J�<9.\5�.\,?3!6 E�;:/21dg8:,?E�3CE$3e+�E�L�79;:,?8:,?7c14F�1TGk1�8�<_,U.
7�E$3!.:,?=�<9;:,?3!GKE�3�F HX/21�3c5�6d1�798:5�;:<9=7�+!,?-!.|8:+]148N6d1�,?F}8:, /),U3�GkY|*]E$3�=!,?8:,?E�3]14Fs7V;:,U8:,?7�1dFU,U8�Hn,?.|/aE$;:<o5�.:<96�5�F6�E�;`E�-!8:,?/a,?bc148:,?E$3C.:,?3�79<|8:+!<NE�-�8:, /),Ub�148�,UE$3a.d+�E�5�FU=a6�E�7V5!.
E$3!F?HXE$37�+!,?-!.
Jc,UE�F�1d8:,?3!GK8�,U/a,?3!Go79E�3�.:8:;�1�,?3c8:.�Ys¢&E�5�;:8:+ZR�79E�3�=!,?8:,?E�3	1�F!79;d,?8:,?g7c14F?,?8QH\7c143Kmk<q5�.d<9=K6�E$;	E�8:+!<9;T14-!-�FU,U7�1�8:,UE$3!.]FU,?^�<`79,?;:795!,?8	.:H�3c8:+�<9.:,?.1�3�=y8:<9.d8NG�<V3�<�;�1d8:,UE$3	Y[ +!<V;:<vLo1�.t143£1�8:8:<V/a-!8I8:E¤79E�/a-�5!8:<279;:,?8:,?7�1�F?,U8:,?<9.nmcH�/X5�F?g8:,?-!F?Hc,?3!Gy8:,?G�+�8:3�<9.:.o-!;:E�mZ1dm!,?F ,?8:,?<9.I�U���PY [ +�, .I1d-!-�;:E�1�7�+�1d.:.d5�/a<V.8:+Z1d8]8:+�<`8:,UG$+�8:3�<9.:.	-!;:E�mZ1dm!,?F ,?8:,?<9.	;:<V-!;:<9.:<93c8s, 3�=!<9-k<V3!=�<93c8]<9J�<V3�8:.1�3�=O7�1�3Omk<h/X5�FU8:,U-�F?,U<V=ZR�L|+!,?7�+O,?.\3!E�8\79E�;:;d<97980=!5!<K8:EeG�F?E$m	1�FUF?H79E�;:;:<VFQ1�8�<�=e-	14;�1d/a<98:<9;:.o143�=I-]148�+I;:<979E$3cJ�<9;:G�<93�79<cY]�0E�L`<9J$<�;�Rk1d.Lo1�.X.d+�E�LN3¤,?3{�U���PR	<9J$<93¤.d5�74+¤,U3]1479795�;�1�8:<e79;d,?8:,U7�14F?,U8:,?<�.h7c143¤m&<5!.:<V6�5�F}6�E�;0G�5!,?=!,?3�GaE$-�8:,U/),Ub�1d8:,?E�3	Y�Q328:+�,U.o-]14-k<9;�R&LT<X=!<9J�<9FUE$-�1�3�1�7�795�;�148:<O1d3!=v<9fa79,U<93�8l8:<V74+�g3!,?jc5�<o6�E�;N79E�/a-!5�8:,?3!G)7V;:, 8:,?7c1dF ,?8:,?<9.|E$6	8:,?/a,U3�Ga<9=!G�<9.|,?3y8:+�<o79E$3�g8:<9uc8\E$6`-	1�;�14/a<V8:<9;:,?b9<9=vm!F?E�74^cg�m]14.:<9=���� [ � Y z <)5�.:<)8:+!<X.�1�/a<79E�3�79<�-�8qE�6}G$;�1�-!+C7V5!8:.:<98l�U@���1�.l� ~$�&6�E�;
7�E$/)-!5�8:, 3�GK8:, /a,?3�GhH�,?<�F?=G$;�1d=!,?<93c8_m�Hn-&<�;:8�5�;:m!,?3!Gv�`�
¢Z.\E�6�8�, /),U3�GC<9=!G�<�.�Yo¡`5!;079E�/)-�5�g8�1�8:,UE$325�.:<9.lE�3�F Hy<9fa79,?<�3�8lE�-k<9;�1�8:,UE$3�.lE$6
.:8�148�,U.:8:,?7c14FZ/a,?3!,?/h5!/1�3�=O/214u�,?/h5!/2R	1d3!=O8:,?G�+�8:3�<9.:.\-�;:E�m]14m�,UF?,?8QHy7VE�/a-�5!8�1�8:,?E�3]Y z <=!EX3!E�8N/21�^�<e143�H�1�.:.d5�/a-!8:,?E�3�.h14m&E�5�8N,?3!=�<9-k<93!=�<93�79<e14-�-!;:EMuc,?g/21d8:, E�3!.TE�3I8:,?G$+c8:3�<�.:.T-!;:E�m]14m�, F?,?8:,?<�.�Y [ +!<_-!;:E�-&E$.:<9=W1�FUG�E�;:,?8:+!/+Z1d.)F?,U3�<�1d;)79E�/a-!F?<9uc,?8QH�,U3A8:+�<n3c5�/Xmk<V;)E$6|8:,U/a,?3!G2<9=�G�<9.�Y z <-!;:E�-kE$.d<X1T3!<9L�7�E$3�79<9-!8
E$6�79E�3!=�,U8:,?E�3]14F�7�;:,U8:,?7c1�FU,?8PHO1�3�=C=!<9J�<9FUE$-1�3�<9fa7V,U<V3�8X8:<97�+!3�, j�5�<n6�E�;a,?8:.)7�E�/a-!5�8�148�,UE$3	Y z <n,?/a-!F?<9/a<V3�8E$5�;214F?G$E$;:,U8:+�/a.a,?3�143A, 3�=!5�.:8:;:,Q1�FN.:8�148�,U.:8:,U7�14FN8:,?/a, 3�G�1d3Z1dF H�b9<�;1�3�=OJ$<9;:,U6�Hn8:+�<K7�E�;:;:<9798:3!<V.:.\E$6ZE$5!;0,U/)-!F?<9/a<93c8�1d8:,UE$3>mcHWxaE$3c8�<*|1�;:F?Eo.:,?/X5�FP148:,?E$3ZY z <|.:+!EMLA8:+Z1d8�6�E$;_1�3), 3�=!5�.:8:;:,Q1dF � ���9*OL|,?8:+~$~k�$R B$B$BIG�1d8:<9.�R&E$5!;a1�FUG$E�;:, 8:+�/¥79E�/a-!5�8:<9.e1dF F]<�=�G�<h79;:,U8�,U7c1�FU,?8:,U<V.,?3>F?<9.:.|8:+Z1d3A�$�dBa.d<979E$3�=!.�Y[ +!<C;:<�.:8KE�6N8:+!<C-Z1d-k<9;K, .KE�;:G&143�, b9<V=S1�.h6�E�F?F?E�LN.�Yt��<�798:,?E$3S�G$,UJ$<V.21�3AEMJ�<9;:J�,U<9LrE�6_-]14;�1�/)<98:<9;:,Ub9<9=¦��� [ � Yq��<9798:,?E�3¦�aG$,UJ$<V.1n6 E�;:/21�F0=!<V��3�,U8:,UE$3�E�6\7�;:,?8:,?7c14F?,?8QHA-�;:E$mZ1dm!,?FU,U8PH¦1�3!=�=�<�.:7V;:,Umk<V.8:+!<V,U;0-!;:E�-k<9;:8:,?<�.�Yl��<V798:, E�3O~C-!;:<9.:<V3�8:.)1�FUG$E�;:, 8:+�/a.06�E$;079E�/)-!5�8:g,?3!G279;d,?8:,?7c14F?,?8:,U<�.XE$608�,U/a,?3!G2<9=!G�<9.�Y2�P3¤.:<�798:,?E$3¦�aLq<n=�,U.:795!.:.:<V.<9uc-k<9;:,?/a<93c8�1dFs;:<9.:5�F?8:.$§}1�3�=y.:<97V8:, E�3¤�_=�;�1:L|.|79E�3!79F?5!.:,UE$3�.�Y



2. PARAMET ERIZE D SSTA� -	14;�1d/a<98:<9;:,Ub9<9=nm!F?Ec74^�g�m	1�.:<9=A��� [ � /aE�=!<VFU.X1_=�,?G�,?8�1�F}79, ;:7V5!,?8L|,?8:+�1I8:,?/a,U3�G�G�;�1�-�+©¨l��ªv«P¬n«Pq®V«�q¯ � R�LN+!<9;:<>ª°,?.v1I.:<�8aE�63�Ec=�<9.�R	¬±, .>1).�<V8XE�6|G&1�8:<9.>143�=¤L|,?;:<9.�R	 ® , .y1a.�E�5!;:79<e3�E�=�<�Rq¯|,?.K1N.:,?3!^a3�Ec=!<cY [ +�<_3�E�=!<9.q;:<9-!;:<9.:<V3�8`-!,?3!.`E�6}79,?;:795!,?8qGk1�8:<9.�Y[ +�<l<9=�G�<9.K��Lq<9,?G$+c8:<9=Im�HC8:+�<�,?;T=�<9FP1:Hc. � /)E�=�<9F�.:,?G�3Z1dFk-!;:E�-Z1�Gk1�g8:,UE$3���<9,U8�+!<9;KG&148:<aE�;oL|,?;:<C=!<9FP1�H � 6�;:E$/²E�3!<C3�Ec=!<a8:EA1�3�E�8:+�<9;�Y³ 148:7�+�<9.a143�=v´�,U-�g�´!E�-!.a1�;:<h/aE�=!<9FU<9=OmkE�8:+Om�Hn.d,UG�3Z1dF	-!;:E�-Z1�Gk1�g8:,UE$3�143�=�mcHO7�+!<97�^�, 3�G>8�,U/a,?3!Gn79E�3�.d8�;�14,?3c8:.�Y [ +�<V.�<)74+�<�74^�.I1�;:<8:;�1�3�.d6�E�;:/a<�=e,?3�8:En14=�=�,U8�,UE$3	1�Fk79,U;:795�, 8`E$5!8:-�5�8:.�YNµ]H),U3c8�;:Ec=�5�79,U3�G1lJc,?;:8:5Z1dF	.dE$5!;:7V<>1d3!=O.d,?3!^y7VE$3!3�<9798:<9=2LN,?8:+28:+�<h79,U;:795�, 80, 3�-!5�8:.1�3�=AE$5�8:-�5�8:.�R|1C7V, ;:795�,?8),?.)/aE�=�<9FU<9=¤mcH�1a8:,?/a, 3�GvG$;�1�-�+ALN,U8:+1h.:,U3�G$FU<a.:E�5�;:79<v1�3�=�.d,?3!^�1�.o,U.K.:+�E�LN3�,?3t¢Z,?G�Y���Y [ +�<C=�<VF�1�Hc.E$6q8:+�<a<9=!G$<9.o79E$3�3!<97V8:,U3�Gy8:+�<a-!;:,?/21�;:HO79,?;:7�5�,U8lE$5�8:-!5�8:.o8:Ey8:+�<.d,?3!^t14;:<K.d<9808:EI8Q+!<h3�<9Gk1�8:,?J�<KE�6�8�+!<h;:<9j�5�,U;:<V=�14;:;:,?J&1dF	8�,U/a<9.C1d88:+�<)79E$;:;:<9.:-kE�3�=!,?3!Gn-�;:,U/21�;:HOE�5!8:-�5!8:.�Y � .d.:5�/a,?3!GI8:+Z1�8\79, ;:7V5!,?8FUE�E�-�.h1�;:<lm�;:E$^�<�3n6 E$;N8:,?/a,?3!G>1�3Z1dF H�.d,?.�R�108:,?/a,?3!GXG$;�14-�+I, .K1|=!,?g;:<�7V8:<9=�1479H�79FU,?7XG$;�1�-!+��:� �h¶o� Y [ +!<hF?E$3�G�<9.:8\-]148:+O=�<9FP1dHn, 3O8:+�<8:,U/a,?3!G0G�;�1d-!+h,U.Z8Q+!<q3�<9G�1d8:,UJ$<qE�6�8:+!<`79, ;:7V5!,?8	.:FQ1�7�^o,U3hFP148:<q/)E�=�<�R1�3�=�8�+!<a.:+�E$;:8:<9.:8o-]148:+v=�<�FP1�HO,U.l<�j�5Z1dF
8:En8:+�<)79,?;:795!,?8o.:FP147�^O,U3<�14;:F?Hn/aE�=�<cYZ¢&E�;|m�;:<�J�,?8PHcR�L`<h7VE$3!.:,?=�<9;|E�3�FUHIFQ1d8:<o/aEc=!<I1d3Z1�FUH�g
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·N¸�¹&º	»�¼O½&¾a¿a¸�»�À�º	¸�Á)Â!Ã	Ä�¸�Á9ÅCÁ9¸�ÆW¸�Ã]¹t¹k»MÂ!Ç	È.d,?.TL|+�<�3ILq<\79E�/a-!5�8�<l8:+�<\FQ1�8:<9.:8T-kE$.:.:,Um�F?<e1�;:;:,?J!1�Fk8:,U/a<9.K� � [ . �1�3�=>;:<Vj�5!,?;:<�=¤1d;:;:, J�1�F}8:,?/a<�.h�:� � [ . � Y]¢&E�;|79E$/a-�5!8:,?3!G � [ .|8:+�<.d,?G$3	1�FU.X1�;:<o-!;:E�-Z1dG�1�8:<9=y6�E$;:Lo1�;:=>6 ;:E�/r8:+!<o.:E�5!;:79<o8:E)8:+!<o.:,?3!^sY�M,?G�3	1�FU.v1d;:<>-!;:E�-Z1dG�1�8:<9=�8:+!;:E�5!G�+�<9=�G$<�.amcH{1d=!=!,?3�Gt<9=�G�<y=�<9gFQ1�H�.\8:Ee.d,?G$3Z1dF � [ .�Y � 8_3!E�=!<V.\8:+�<XLTE�;:.:8 � [ ,?._7�1�F?795!FP148:<V=�14.8:+�<C/21�uc,?/h5!/�E�6o1�FUF � [ .KE�6T8:+�<C,U3�79E$/),U3�G><9=�G$<�.�Ya¢&E$;K79E�/ag-�5!8:,?3!Gy� � [ .N8:+�<l.:,?G�3]14F?.K14;:<_-!;:E$-	1�G�1d8:<9=ImZ1�7�^cLo1d;:=n6�;:E�/É8:+�<.d,?3!^t8:E�8:+�<y.:E�5�;:7�<cY��M,?G�3Z1dFU.O14;:<n-�;:E�-]14Gk1d8:<9=�8:+�;:E�5�G�+A<9=!G�<�.mcHC.:5�m!8:;�1�7V8:,U3�G)<9=�G$<l=�<9FP1�H�.N6 ;:E�/r.:,?G�3]14F`� � [ .�Y � 8T3�E�=!<9.N8:+�<LqE$;:.:8K� � [ ,?.T7c14F?795�FQ1d8:<�=�1�.T8:+�<\/a,?3!,?/h5�/�E�6q1�F?F
� � [ .TE�6s8:+�<,U3�79E�/a,?3!G2<9=�G$<�.�Y [ +�5!.�RZ3�Ec=�< � [ ;:<9-�;:<9.d<93�8:.)8:+�<n/O1�uc,?/X5�/=�<9FP1dHO6�;:E$/�8:+�<a7�,?;:795!,?8o.:E�5�;:79<a8:Ey8�+!<a3�E�=!<aLN+�,?F <a3�Ec=!<2� � [,U.T8:+�<\/214u�,?/h5!/�=!<9FP1:Ha6�;:E$/É8�+!<l3�Ec=�<\8:EX8:+�<\.d,?3!^am�5!8TLN,U8:+�1/), 3�5�.0.:,?G�3]Y�P32-	14;�1d/a<98:<9;:,Ub9<9=���� [ � R!<9=!G�<X=�<9FQ1:H�.�R � [ .C143�=�� � [ .C1�;:<7�143!E�3!,?7c1�F!��;:.d8:g�E�;:=�<9;
6�E$;:/a.
E�6k-�;:E�7�<9.:.`-	1�;�14/)<98:<9;:.\��.:E�5�;:7�<V.`E�6J!1�;:,P148:,?E�3 �:Ê ËÍÌ¤Î&Ï`ÐÒÑÓ Ô Õ	Ö Î Ô ×nÔ ÐOÎkØ × Ø « �:� �
L|+�<�;:< ÎkÏ ,U.N8:+!<o/a<c1d3yE�;N3�E$/a,U3]14Fs=�<9FQ1�HcR ×nÔ 1�3�= × Ø 1�;:<o;�143�g=�E$/rJ!1�;:,P14m�FU<9.N;:<9-!;:<V.:<�3�8:,U3�G)G�F?E�mZ1�FUF?HC7�E$;:;:<9FQ1�8:<V=¤1�3�=n5�3�7�E�;:;:<9gFQ1�8:<V=C.:E�5�;:7V<9.qE�6}J�1d;�,P1d8:,UE$3	Rk1d3!= Î Ô 1d3!= ÎkØ 1�;:<08�+�<0.d<93�.:,?8:,UJc,?8:,?<�.8:Eh8�+�<_J!1�;:,P148:,?E$3�. ×>Ô 1�3!= × Ø R$;:<9.:-k<9798:,?J�<9F?HcY � F?F&8:+!<0.:E�5�;:7�<9.qE�6J!1�;:,P148:,?E�3)+Z1�J�<N,U3�=�<�-!<�3�=�<93c8 ¶ 1�5!.:.d,P1�3X=!,?.:8:;:,Um�5�8:,UE$3�.�LN,?8:+)b9<V;:E/)<c143�1�3!=v5!3�,U8lJ�14;:,P1�3!7V<cYK�_EMLq<�J$<V;�R�8:+�<a-!;:E�-kE$.d<9=v8:<97�+�3�,Ujc5�<7�143ymk<oG�<93!<9;�1dF ,?b9<V=>8:Ea/aE�;:<o79E$/a-�F?<9un/)E�=!<9F?.X�?�4B$�QY�M,?G$3Z1dFq-�;:E$-Z1dG�1�8:,?E�3t,U3t-Z1�;�1�/a<98:<9;:,?b9<�=S��� [ � ,?.X-k<9;:6�E$;:/a<9=.d,?/a,?FQ1�;:F?HK8:El=!<98:<V;:/a,?3!,?.d8:,U7N8Q, /a,?3�GkY [ +�<h1�=!=�,?8:,UE�3aE$6!�!;:.:8:g�E$;:=�<9;6�E$;:/a.h,?.h-k<V;:6�E$;:/a<�=�mcH�.:5�/a/a,?3!G>8:+�<9,?;K79E�;:;:<9.:-kE�3�=!,?3�GO.:<93!.:,?g8:,UJ�,?8:, <V.\8:EI-!;:E�7�<9.:.l-]14;�1d/a<98:<9;:.e1�3�=2.d8�1�8:,?.:8:,U7c1�FZ.:5�/a/21�8:,?E�32E�6

5!3�7�E$;:;:<VF�1d8:<9=�8:<9;:/a.�Y [ +�<2/21du�, /h5�/Ù143�=�/a, 3�,U/h5�/ÚE�-&<�;�1dg8:,?E�3�.C14;:<y1�-�-�;:E�u�,?/2148:<9=OFU,?3!<c1d;:FUHy5�.d,?3!G�*]FQ1�;:^}Û .\6�E$;:/X5�F�1d.C1d3!=8:+!<\7�E$3!7V<9-!8NE�6	8:, G�+c8�3!<9.d.N-�;:E�m	1�m�,UF?,U8PH��U�$�$R}��Rs�d�PY¶ ,?J�<93S8�LTEA;�143�=�E$/ÜJ&1d;:,P14m�FU<9. Ë Ö 1�3�= ËOÝ RN8:+!<v8:,?G�+�8:3!<V.:.-!;:E�mZ1dm!,?F ,?8PHhE$6 Ë Ö ,?.`8:+�<|-�;:E$m	14m�,UFU,?8PHXE�6 Ë Ö m&<9,U3�GoG�;:<�1�8:<9;�8:+	1�3Ë Ý R�,QY <cY?R$Þ
ß
à Ìqá � Ë ÖTâ Ë Ý � Y}�Q6�m&E�8:+ Ë Ö 1�3�= Ë Ý +	1:J$<03�E�;:/21dF=!,?.:8:;:,Um�5�8:,?E�3yL|,?8:+>/a<c1d3!. Î Ödã Ï 143�= Î Ý ã Ï R�J&1d;:,P143�7V<�._ä ÝÖ 143�=Oä ÝÝ R1�3�=y79EMJ�14;:,P1�3�79<oå ÌTæVç�è � Ë Ö « Ë Ý � R�8:+�<�3I8:+!<_8:, G�+�8Q3!<9.d.N-�;:E�m	1�m�,UF?g,?8QHIÞ ß à ,U.|G�,?J�<93>m�HÞ
ß
à Ì¤á � Ë ÖTâ Ë Ý � ÌSéSê Î Ödã Ï`ë Î}Ý ã Ïì í ��� �L|+�<V;:< é ,?.28:+!<¤795�/X5�FQ1d8:, J�<¤-!;:E�m]14m�, F?,?8QH{=�, .:8:;:,?m!5�8�,UE$3p6�5�3!7Vg8:,?E�3î�:*N�
¢ � E�621�.d8�1�3�=	1�;:=�3!E�;:/214Fh=�,U.:8:;:,?m!5�8�, E�3ZRe1�3�=pì Ìï ä ÝÖ Ð ä ÝÝ ë �4å�Y [ +�<y/a<c1d3p1�3�=�J�14;:,P143�7V<>E$6_8:+�<>.:8�1d8:,?.�8Q, 7c1dF/21du�,?/h5!/rE$6 Ë Ö 143�= Ë>Ý 14;:<l7�E$/)-!5�8:<9=A1�.
ð Ì Þ
ß
à Î Ö:ã Ï Ð Þ�ßkñ Î Ý ã Ï Ð ì&ò ê Î Ödã Ï`ë Î}Ý ã Ïì í ��� �ä Ý Ì Þ
ß à ��ä ÝÖ Ð2Î Ý Ö:ã Ï � Ð Þ
ß ñ ��ä ÝÝ ÐOÎ ÝÝ ã Ï �Ð � Î Ödã Ï ÐvÎ}Ý ã Ï � ìkò ê Î Ö:ã Ï ë Î Ý ã Ïì í ë ð Ý « � ~ �L|+�<V;:<Còo,U.`8:+�<0-�;:E�m	1�m�,UF?,U8PH)=�<93�.d,?8QHX6�5�3�7�8�,UE$3v�:�
�`¢ � E$6`1T.:8�1�3�g=Z1d;:=W3!E�;:/214F
=!,?.d8:;:,?m!5�8:,UE$3ZY [ +�<e.:8�1�8:,U.:8:,?7c14F
/214u�,U/h5�/²E�6 Ë Ö1�3�= Ë Ý ,?.X14-�-!;:EMuc,?/21�8:<9=yFU,?3�<c14;:F?H�14.N6�E$FUF?EML0. Ê

ónô�õ � Ë Ö « Ë Ý � Ì ð ÐöÑÓ Ô Õ]Ö ��Þ ß à Î Ö Ð Þ ß ñ Î Ý � ×nÔ ÐOÎkØ × Ø «÷��� �
L|+�<V;:< Î Ø ,?.o=�<�8Q<�;:/a,?3!<9=vm�HO/2148�7�+!,?3�Gy8:+�<aJ�14;:,P1�3!7V<aE$6l�:� � 8:E8:+!<oJ�1dF 5�<oG$,UJ$<93ym�Ht��~ � Y [ +�<l/a,U3�,U/h5�/îE�-k<9;�148:,?E$3>,?.X14-�-!;:EMuc,?g/21d8:<�=X,?3O1�.d,U/),UFQ1�;ZLl1�H�Y [ +�<q.�<Vj�5!<9Fs14.:.:5�/a<9.01`-]14;�1�/)<98:<9;:,Ub9<9=.:8�148:,?.:8:,?7c14F}8:,?/a,?3!Ga6 ;�14/a<9L`E�;:^eE$6	8:+�<o8PHc-k<l=�<9.d79;:,?mk<9=y,U3¤�?�4�PY
3. STATISTICA L CRITICA LITY

3.1 Definitions and Propertiesøhù�ú�û ü�û�ý!û�þ}ü ��Y ¿a»�¸�Á�¸�À�Â!ÿ�¸�Á������KÂ�Ç	Â!Á9È ��"X��#����	�Q�$'4��'��� ����
���_()�$�!��d���M�����V� ���)�I��#�� ��������#�����#n��#�� "�������#n� "l���V� �����d�� �øhù�ú�û ü�û�ý!û�þ}ü ��Y ¿a»�¸�Á�¸�À�Â!ÿ�¸�Á������¤ÂîÅ�¼�Á����WÇZÂ�Á9È	Å ��"W��#$��	���$'���'�� �����
¤���y()������d���������4�����t���M#�� ��������#�����#����)��d��"��)�����������#�������(î��#�� "l"d�M�q��"\���V����� ���� �øhù�ú�û ü�û�ý!û�þ}ü ��Y ¿a»�¸�Á�¸�À�Â!ÿ�¸�Á������yÂ�Ãî¼�Ä	¹k¼��PÃ��}Ä	¼� ��"y��#$��	���$'���'�� �����
l���
(X���!��d�$�������������0�K��#�� �n���!��#�����#h��#�� "q���"���$#����M���&%��"_���O��#$�)�����������d��'�!�$��#��[ +�<e79;:,?8:,?7c14F?,U8PHvE$6h1)8:,?/a,?3�GO<9=!G�<v��3!E�=!< � ,U.K8:+!<C79;d,?8:,?7c14F?,?8QHvE$68:+!<I.:<�8)E�6a1dF Fq-Z1�8:+�.aG$E�, 3�Gv8:+!;:E$5�G$+A8:+Z1d8)<9=�G$<W��3�Ec=!< � Y [ +�<79E�3�79<�-�8NE�6	79;:,?8:,?7c14F?,U8PHe7c1�3ym&<o<9uc8:<93�=!<V=y8:E21_7V,U;:7V5!,?8NG�1�8:<�Rs1d3!=<9J�<V3�8:ES143�H�6�;�1�G$/a<93�8eE�6I1n8:,U/a,?3!GWG$;�1�-!+�E$;I79,?;:795!,?8�Y [ +�,?.´!<Vu�, m�, F?,?8QHn, ._5�.d<96 5!F	6 E�;079, ;:7V5!,?8_E$-�8:,U/a,?bc1�8:,UE$3	Y [ +�<h79E�3�79<�-�8_E$679;:,U8�,U7c1�FU,?8QHC,?.N,?FUFU5�.�8Q;�148:<9=I,U3I¢Z,UGkY��0E�3n8:+�<\<9us1�/)-!F?<lE$6T10.:,?/a-�FU<79,U;:795�, 8K1d3!=I,?8:.N8PLTE�g�=�,U/a<93�.d,UE�3Z1dF}-�;:E�79<�.:.T.d-]1479<cY � -Z1d8:+ á �|,?.79;:,U8�,U7c1�FZ,?6
8:+!<h-!;:E�79<�.:._-Z14;�1d/a<98:<9;:.l6�14F?FZ,?3v8:+�<O1d;:<�1 á �K,?328:+�<-!;:E�7V<�.:.o.:-Z1�7V<a=!5�;d,U3�Gy/21d3�5!6d1d798:5!;:,?3�GkY [ +�<a79;:,?8:,?7c14F?,U8PHOE�6`8:+�<-Z1d8:+ á �q,?.`8:+�<9;:<�6 E�;:<N8:+!<N-�;:E$mZ1dm!,?FU,U8PHXE�6k/2143�5�6:14798:5�;:,U3�GI1q7�+!,?-L|,?8:+>8�+!<o7�E�/Xm�,U3	148:,?E�3>E�6	-	1�;�14/a<V8:<9;:.|6d1�FUF?,U3�GC,?3>8:+�,U.X1�;:<�1 á ��Y
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·N¸�¹&º	»�¼�(&¾a¿)»�¸�ÁV¸�À�Â!ÿTÇ]Â!Á9ÈZÅaÂ�Ã	Ä�Ç	»)�}À�¼cÅ�ÅaÅ�º�*	Å�Ç]Â!À�¼cÅ�+
[ +�<_7V;:, 8�,U7c1dF ,?8QHXE$6q1T.:<98qE�6}-	1�8:+�.-,I7c1�3Cmk<_<9u�-�;:<9.:.d<9=CmcH)8:+�<6�E$FUFUEML|,?3!Ga,?3�8:<9G$;�1�F Ê.0///1.

243657�8:9�;=< ß <?> 8A@B@�C 243&571D'E9�; < ß <?> D @B@�F � × Ö « × Ý « //1/ � Î × Ö Î × Ý //�/ �:� �
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,?3214.:79<93�=�,U3�GE$;:=�<�;�Ys�\147�+a8:,?/a<0Lq<|<93!7VE�5�3c8:<9;\1�3C<V=!G$<|G�E�, 3�GK8:+�;:E$5�G�+)/2143�H7V5!8:.:<98:.�R�LT<y1�7V795!/h5!FP1�8:<h8:+!<h.:FP147�^yE�6�8:+!,?._<9=!G�<X,U3O8:+!<h-�;:E$-k<9;<VF <9/)<93c8oE$6T8:+�,U.n14;:;�1�H2m�Hv/a<c1�3�.KE$6K1X/O1�u2E�-k<9;�1d8:,UE$3	Ya¢!;:E$/8:+�,?.I1�;:;�1�H�R&Lq<a79E�/a-!5�8:<a8:+�<a/21du�, /h5�/ÍE�6q8Q+!<)<�=�G�<X.:F�1d74^c.lE�61�FUFN8:+�<n<�=�G�<9.),U3c8:<9;:.:<V798:,?3!GvmkE$8:+�8�+!<n795!;:;:<93c8X795!8:.:<98O1�3!=A8:+�<-�;:<9Jc,?E$5!.:FUHy-�;:Ec79<9.:.d<9=O795�8:.:<98:.�Y [ +!<y1�F?G�E�;:, 8�+�/D6�E$;_79E$/a-�5!8�,U3�G7VE�/a-!F?<9/)<93c8)<9=�G$<y.:FQ1�7�^�.a-�;:E�7�<9.:.:<9.aE�3�FUHW8:+�<n<9=!G�<9.a8:+	1�8O1�;:<3�E$8_-!;:<9.d<93�8_, 3�143�Hy-!;:<9J�,UE$5�.\795�8:.:<98:.�Y [ +!<h79E�/)-�FU<9/a<93�8_<�=�G$<.dFP1�7�^c.X14;:<o,?3!79;:<9/)<93c8:<9=>LN,?8:+>8:+!<o/O1�uc,?/X5�/îE$6Z<9=�G�<o.:FQ1�7�^�.|E�68:+�<)<9=�G$<9.o-�;d<9.:<93c8l,?3v8:+�<X-!;:<9Jc,?E�5�.:F H>-�;:Ec79<9.:.d<9=27�5�8:.:<�8Q.$Y [ +�<7VE�/a-!F?<9uc,?8QH\E�6�8:+�<q/aEc=�, ��<9=y14F?G$E�;:,?8:+�/�6�E$;	79E$/)-!5!8:,?3�G_8:+�<q79;:,?8:g,U7c1dF ,?8QH_E�6s14F?F�<9=�G�<9.],U.�ÖI��ª � Ð Ön� ½ Ý � R9L0+�<�;:< ½ ,U.]8:+�<`=�<9-�8:+KE�6c8:+�<8:,U/a,?3!GXG$;�1d-!+t143!=nª¥,?.N8:+!<l3�5�/Xmk<V;NE$6]G$;�1�-!+I<9=�G$<9.�Y]�Q3I-!;�1d79g8:,U79<cR!8:+�<X=�<9-!8:+2E�6l1l8:,U/a,?3!GeG�;�1�-�+2,U.\/X5�74+2.d/21dFUFU<9;_8:+Z1�328:+�<3c5�/hmk<V;XE�6N,U8:.h<9=�G$<9.�Y [ +�<�;:<96 E�;:<cRs6 E�;n14F?Fq-�;�14798:,?7c14F
-!5�;:-&E�.:<9.�R8:+�<|79E$/a-�F?<9uc,U8PHXE�6k8:+!<X1�F?G�E�;:, 8Q+!/£,?.}Öe��ª � RML0+�,U74+a,?/a-�F?, <9. �d����u"��������q����(X� 6�E$;|79E$/)-!5�8:, 3�Ga8:+!<o7V;:,U8:,?7c1�FU,?8PHIE$6	<c1�7�+><9=�G�<cY
4.2 Conditional Criticali ty[ +�<|79;:,?8:,U7�14F?,U8PHX,?3c8�;dE�=!5�79<�=>14mkEMJ$<N,U.
8:+�<|-�;:E$m	14m�,UFU,?8PHXE�6
1`-Z1d8:+ZR<V=!G�<¤E�;23�E�=!<Amk<9,?3!G�79;:,?8:,?7c14F>1�/aE�3!G 1dF FX8:+�<A/21d3�5�6d1d798:5!;:<9=7�+!,?-�.�Ye�_E�L`<9J�<9;�R}E$-!8:,?/a,?bc1�8:,UE�3W6�E�;hHc,?<9F?=W,?.h,U3c8:<9;:<V.:8:<9=W,?3W,?/ag-�;:EMJ�,?3�GNE�3�FUH08:+!E$.:<
7�+�,U-�.s8:+	1�8sJ�,?E�FP148�<
8:,?/a,?3!GN79E$3�.d8:;�1�,?3c8:.}L0,?8:+�gE$5�8ILo1d.�8:,?3�GW;:<�.:E$5�;:79<9.I.:-k<9<9=!,?3�G¤5!-�7�+�,U-�.n8:+	1�8�14;:<�14F?;:<c14=�H.d5�fa79,U<93�8:FUH>6d1�.:8�Yl�P3�E�8:+!<9;lL`E�;:=!.�R&,U6l1�3v<�=�G�<XE$;l-	148�+v,U.oE�3!F?H7V;:, 8:,?7c14F|,?3�1I.:5!m�.:<98CE$6_8:+!<>-�;:Ec79<9.:.C.d-]1479<A1d3!=�8:+!<9;:<A1d;:<>3�E6:1�,UFU,?3�Gy7�+!,?-!.l,U3v8:+Z1�8\;�<VG$,?E�3]R�8:+�<93�8:+�<9;:<a,?.o3!En-kE$,?3c8l,U/a-�;:E�J�g,U3�Gh8:+	1�8`<9=!G�<_E�;
-Z1d8:+ZY [ +�<07�E�3!79<V-!8
E�6�79E$3�=!,?8:,?E�3	1�F&79;:,?8:,?7�1�F?, 8�H+�<9F?-!.
8�Eo.:E�F?J$<|8:+�, .�-�;:E$m!F?<9/©mcHh-�;:E�J�,?=!,?3!Go,?3�6�E$;:/O148:,?E$3aE�3X+!EML7V;:, 8:,?7c14F`143n<9=!G�<o,?.)1�/aE$3�Ga6:14,?F?,U3�Ga7�+!,?-�.0E�3!F?HcYøXù�ú�û�ükû ý&û�þ}ü ��Y ¿p�&Ã]Ä	¸�Á9¸B�kÃ	Â�ÿ&À�»�¸�Á�¸�À�Â�ÿ�¸�Á��g���}ÂhÇZÂ�Á�È���¼�Ä]¹&¼�×Ãk�sÄ	¼� ��"
��#��N�����!�����������!�$1�Y�Q��'���'��� ����
\����(X���!��d�$�������������|�o��#�� ����Ä��#�����#y��#���"w������#\#����"���M�q�!���$��%I��"h�����������d����`�4�$�!�����������!��]���������#��X��#�� ���M������$��� ���X����"l����(X�����X�d���!"d���Q��������"4�*	E�3!=!,?8:,?E$3	1�F}7�;:,?8:,U7�14F?,U8PHeE�6|1�3n<9=!G$<�~h,?.|<9u�-�;:<9.d.:<9=¤14.|6 E�F?FUEML|. Ê

F �B~pØ æ1± ���PÙPÞ ° ô � ½ � � Ì F �B~pØ æ1± ���YÚIÞ ° ô � ½ � �
F ��Þ ° ô � ½ � � �:��� �L|+�<�;:< F �B~ÛØ æ1± �A�YÙPÞ ° ô � ½ � � ,U.>8�+�<t79E�3!=�,U8:,?E�3]14Fo-�;:E�mZ1dm!,?F?, 8�H8:+	1�808:+!<K<�=�G�<�~X,?.\79;:,U8�,U7c1�F]79E$3�=!,?8:,?E�3	1�F]5!-kE�3O8:+!<K8:,?/a,U3�Ge79E�3�g.d8�;�1d,U3c8:.0mk<9,?3!GCJc,?E�FP1�8:<9=	§ F �B~ÜØ æ�± ���YÚIÞ ° ô � ½ � � ,?._8:+�<h-�;:E$m	1�gm�,?F ,?8QHy8:+Z1�8\8:+�<X<�=�G�<$~),U.l79;:,?8:, 7�1�F0143�=�8:+�<a8�,U/a,?3!GI79E�3�.d8�;�14,?3c8:.

1�;d<eJ�,?E�FP148�<�=]§ F ��Þ ° ô � ½ � � ,?.h8:+!<e-!;:E�mZ1dm!,?F?, 8PH�8:+]148h8�+!<e8:,?/a,U3�G79E�3�.d8�;�14,?3c8:.n14;:<CJc,UE�F�1d8:<9=ZYe�P3tE�8:+�<�;KL`E�;:=�.�Rs7VE$3!=�,?8:,UE$3	14F
79;d,?8:,?g7c14F?,?8QHv,?.X8:+�<C-!;:E�mZ1�m�,?F ,?8QHvE$6Nmk<V,U3�GO79;:,?8:,?7�1�Fq7VE$/a-�5!8�<�=W6 E$;h8:+�<.�14/a-�FU<\.:-Z1�79<\79E$3�.d,?.:8:,?3!G)E�6]E�3!F?HC8:+�E$.:<\7�+!,?-!.NJ�,?E�FP148�,U3�G)8:,?/a,U3�G79E�3�.d8�;�14,?3c8:.�Y�Q3OE�5!;_7c1�.:<�R�8:+�<K;�<Vj�5!,?;:<9=28:,?/a<>1d8\8:+�<X.:,U3�^>3�Ec=�<X,U.)14F?LK1�H�.BkY|��Ea8:+�<l7�E$3�=�,U8�,UE$3y8:+]148N8�+�<l8:,?/a,U3�Ga7VE$3!.:8:;�1d, 3�8:.h1�;:<lJ�, E�F�1d8:<9=,?. Ë �6ÝV� â BaL|+�<9;:< Ë �6Ý�� , .N8:+�<l79,U;:795!,?8N=�<9FP1:H�Y [ +�<o-�;:E$m	14m�,UFU,?8PH
F ��Þ ° ô � ½ � � 8:+]148C8:+�<>8:, /),U3�Gt79E$3�.d8�;�14,?3c8:.v1�;:<OJ�,?E�FP148Q<�=�,U.C8:+�<8:,?G�+�8:3!<V.:.\-!;:E�mZ1dm!,?F ,?8PHyE$6 Ë �&ÝV� LN,U8:+O;:<9.:-k<97�808:EIB&Y [ +�<X7VE$3!=�,?g8:,?E�3A8:+	1�8)8:+!<I<�=�G�<s~>,?.a7V;:,U8:,?7�1dFN,U. � � â � �oLN+�<9;:< � �l,?.a8:+�<.:FQ1�7�^tE�6|8�+�<n<9=�G$<I~W1d3!= � � , .h8:+!<I79E$/)-!F?<9/a<93c8h.dFQ1d74^tE$6|8:+�<<9=�G$<�~�Y [ +�,U.e79E$3�=�,U8:,?E$3�7c1d3�mk<O;:<9L|;:,?8:8:<93p14. � � ë � � â B&Y[ +�<V3O8:+!<K79E�3�=!,?8:,?E�3O8�+	148_m!E�8:+>8:+!<K<9=�G$<�~X,?.07�;:,U8:,?7c1�FN1�3�=O8:+�<8:,?/a,U3�Ga7VE�3�.d8:;�1d,U3c8:.X1�;:<oJ�,UE$FP148:<V=y,?.|<�u�-!;:<9.:.d<9=W1�.ó ��`� � � ë � � « Ë �6ÝV� � â B _ �:�$� ���E&R!8:+�<h-!;:E$m	14m�,UFU,?8PH F �B~IØ æ± ���	ÚnÞ ° ô � ½ � � 8:+Z1�8_8:+�<h<9=�G$<�~),?.79;:,U8�,U7c1�F`1�3�=e8:+!<\8:,?/a,?3�GX7�E�3!.:8:;�1�,U3�8:.K14;:<_J�, E�FP148:<9=e, .}G�5!.:8q8:,UG$+�8:g3!<V.:.q-!;:E�mZ1dm!,?F ,?8PH)E$6 ó ��
� � �&ë � � « Ë �&Ý�� � LN,U8�+e;:<9.:-k<9798`8�EKB�Ysw_.:g,?3!Gl<V=!G$<N.:FQ1�7�^c._1�3!=X79E�/a-�FU<9/a<93�8�<9=�G$<N.:FQ1�7�^�.$RM8:+�,U.�-�;:E$m	14m�,UFU,?8PH7c143ymk<X<9f)79,?<93c8:FUHn7c1�FU795�F�1d8:<9=Om�HyF?,U3�<�1d;a1�-�-�;:E�uc,?/2148Q, E�3OE$6�8:+�<.:8�148:,?.:8:,?7c14FN/a,?3�E$-k<9;�1�8:,UE�3ZYt�P6_8:+�<y=�, .:8:;:,?m!5�8:,?E$3�E$6\.:8�1d8:,?.�8Q, 7c1dF/a,?3K,?.]+!,?G�+!F?Hl.:^$<VLT<9=o8:E|8:+!<
F?<96�8MR98:+!<_147V795!;�1d79H\E�6c8:+�< ¶ 1d5!.:.:,Q1�31�-�-!;:EMuc,?/21�8:,UE$3O7c1�3Omk<XF?E�LhY|�P3O8:+�,U.\7c1d.d<cR�,U8_,U.\m&<�8Q8:<9;\8:Ee;:<9-�g;:<9.d<93�8`8:+!<|;d<9.:5!F?8qE�6�8:+!<0/a,?3IE�-k<9;�1�8:,UE$3eLN,?8:+�1T.:^�<9Lq<V=I3�E�;:/21dF=!,?.:8:;:,Um�5�8:,?E�3�1�3!=v7�E$/a-�5�8:<C8:+�<C8�,UG$+c8:3�<V.�.o-�;:E$m	1�m!,?FU,?8QH23�5!/a<V;:g,?7�1�F?FUHcYÉ��5!m�.:8:,U8:5�8:,?3!GW8:+�<O7�E$/a-�5�8:<9=�-!;:E$m	14m�, F?,?8:,?<�.I,U3�8:E{�:�$� � RLq<279E�/a-!5�8:<O8:+!<O79E$3�=�,U8:,?E�3	1�F_79;:,?8:,U7�14F?,U8PH�E�6o8:+!<O<9=�G$<]~279E$3�g=!,?8:,?E�3]14F
5!-kE$3t8:+!<C8:,U/a,?3!G>79E$3!.:8:;�1�,?3c8:.hm&<9,U3�GOJc,?E$FQ1�8:<9=	Y [ +c5�.79E�3�=!,?8:,?E�3	1�Fc<9=!G�<T7�;:,?8:,?7c14F?,?8:,U<�.Z7�1�3)mk<q79E$/a-�5�8:<�=hL|,?8:+X8:+�<T.�1�/a<<9fa7V, <93�79HA1d.l5!3�79E$3�=�,U8:,?E$3Z1dF�E$3!<V.�YC�M,U/a,?FP14;:F?HcR&, 8_,U.\-kE�.:.:, m�FU<X8:E79E�/)-�5�8:<C79E�3�=!,?8:,?E�3Z1dF`79;d,?8:,?7c14F?,?8QHvE$3�FUHv79E�3!.:,?=!<9;:,U3�GO74+�, -�.h8:+	148/a<9<V8T8�+!<V, ;`8:,U/), 3�GX7VE$3!.:8:;�1�,U3c8�.�Y [ +�,U.`^c,U3�=eE$6}79E�3�=!,?8:, E�3Z1dFk79;:,?8:g,?7�1�F?,U8PHW,?.X5!.:<96�5�FT6�E$;).:8�1�8:,?.d8�,U7c1�FNE�-!8:,?/a,?bc148:,?E�3�m�Ht=�E�LN3!g�.d,?b9,U3�GGk1�8:<9.|8:Ea;:<9=!5�79<o-kEMLq<�;N7VE�3�.d5�/a-!8:,?E�3]Y
5. EXPERIMENT AL RESULTSz <)+	1�J�<a,?/a-�F?<9/a<93c8:<9=v8:+!<a-�;:E�-kE�.:<�=�8:<97�+!3�,Uj�5!<a6 E�;l79E�/)-!5�8:g,?3!G�mkE�8:+�5�3�7�E�3!=�, 8:,?E�3Z1�F)1�3�=�7VE�3!=�, 8Q, E�3Z1�F|7�;:,?8:,?7c14F?,?8:, <V.C,U3�8:+�<,?3!=�5�.d8:;:,P1�F�.�8�148:,?.:8:, 7c1dF!.:8�148Q, 7N8:,U/a,?3!GI1d3Z1�F?Hcb9<9;rÞ	ß à'á�âeã&ä|ã��?�4�PY [ +�<79;:,U8�,U7c1�FU,?8:,U<V.y1d;:<C7c14F?795�FQ1d8:<9=W6 E$;n1�FUF�8:,U/), 3�G><9=�G$<�.o6�E�;y1dF?F`79FUE�7�^-!+]14.:<9.�Rc;:, .:,?3!Gv1�3�=O6�14F?F ,?3!GC8:;�1d3!.:,U8�,UE$3!.�R�<c1�;:FUHW1�3�=OFP148:<K/aE�=�<9.�Yz <n,?/a-!F?<9/a<V3�8:<V=�8�+�;:<9<¤1�FUG�E�;:,?8:+!/a.)6�E�;a7V;:,U8:,U7c1dFU,U8�H¤79E$/a-�5!8�1dg8:,?E�3 Ê 8:+�<ImZ1�.d,?7t14F?G$E�;:,?8:+!/ LN,?8:+A.:8:;�14,?G$+c8:6�E�;:Ll1�;:=A7c14F?795�FP1�8:,UE$3E$6
8:+!<h79E�/)-�FU<9/a<93�8_<�=�G$<X.:FQ1�7�^c.�R!8:+�<X-	14;:8:,?8:,?E�328�;:<�<hmZ1d.:<9=�14F?gG$E$;:,U8:+�/2Rh1�3!=�8:+�<�1dF?G�E$;:,?8:+!/ÜLN,?8:+S8�+!<v.:-k<9<9=S5�-{8Q<�74+�3!,?jc5�<<9FU,?/a,?3Z1�8:,U3�Ga;:<9-k<c148:<V=y-!;:E�7V<9.d.:,U3�GaE$6]<�=�G�<V.0,?3c8�<�;:.:<97V8:,U3�Ga/h5!F?8:,?g-!F?<o795�8:.:<98:.�Y[ 1dm!F?<l�].d+�E�LN.s8�+!<
;:5�3o8:,U/)<�.sE�6�8:+�<�=!,?ik<9;:<93c8q1�FUG$E$;:,U8:+�/a.N1d3!=79E�/)-	14;:<V.\8:+!<V/ÍLN,U8:+O8:+!<h;:5!3O8:,U/a<hE$6
m	14.:,?7y�!� [ � YZ*]E$FU5�/a3�.�)1d3!=t�|.d+�E�L�74+�,U-I3Z1d/a<C1�3!=e8:+!<_3�5�/Kmk<9;NE$6sGk148�<�.�YN*]E$FU5�/a3�.�$R$~&R&��R&�T;:<9-kE�;:8l*|�kw�8:,?/a<|6�E$;\�!� [ � 1�3�=C8�+!;:<9<0=�, i&<�;:<V3�8`J�<V;:g.:,UE$3!.�E�6k8:+�<|79;:,?8:, 7�1�F?, 8�Hh79E�/a-�5�8�1d8:, E�3214F?G$E�;:,?8:+�/2Y � =!=!,?8:,?E$3	14F?F?HcR79E�F?5�/a3�.N�01d3!=n�	-!;:EMJc,?=!<
,U3�6�E�;:/O1�8:,?E�3oE�3o8:+�<l1dm!.:E�F?5!8:<\1�3�=K;:<9F?g1�8:,UJ$<0EMJ�<9;:+�<c1�=eE$6}79;:,?8:,?7c14F?,?8QHa7VE$/a-�5�8�148:,?E�3t��E�6T1dF?F&<�=�G$<9.q,?3e8:+�<G$;�1d-!+ � EMJ�<9;a1�3!=�1�mkE�J�<X.d8M1�8:,U.:8:,U7c1dF	8:, /),U3�GkYN¢&;:E$/ [ 14m�FU<>�lLq<.:<�<�8:+Z1d8smkE�8Q+h8Q+!<
-	14;:8:,?8:,?E�3o8�;:<�<_14-�-!;:E&147�+I1�3!=o8:+�<�<9F ,?/a,?3	1�8:,UE$3E$6};:<9-k<c1�8:<9=e-�;dE�79<9.d.:,?3!GhE$6}<9=�G$<9.T,?3c8�<�;:.:<97V8:,U3�GX/h5�F 8:,?-!F?<0795!8:.:<V8:.1�;d<X,U/)-kE$;:8�143�8l<V3!+]143�7�<V/a<93�8:.oE$6
8:+!<X79;:,U8�, 7�1�FU,U8PH>79E�/)-�5�8�1�8:,UE$38:<97�+!3�, j�5�<cYW¡`3�F?H�L|,?8:+W8:+!<V.:<I/)E�=�,U��7c1�8:,UE�3!.h,?.X8:+�<C7�;:,U8:,?7c1�FU,?8PH79E�/)-�5�8�1�8:,?E�3�14F?Lo1:H�.\6:1�.:8:<9;_8:+	143O8:+�<Xm]14.:<h.:8�1�8:,U.:8:,?7c14F	8:,?/a,?3!G&R/21d^�,?3�GX,?8T.:5�fa79,?<�3�8:F?HC6:1�.d8`6�E$;T.:5�74+�14-�-!F?,U7c1�8:,?E�3�.h1�.qE$-!8:,?/a,Ubc1dg8:,?E�3]R
.:Hc3�8:+!<9.:,?.v1d3!=A8:<9.d8aG$<V3!<9;�1d8:, E�3ZYt¢&;:E�/ [ 1�m�F?<¤�IL`<y.:<9<
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