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Abstract

Sdlf-calibrating designs are gaining momentum in both the
computation and communication worlds. Instead of rely-
ing on the worst-case characterisation of design parame-
ters, sdf-calibrating systems determine autonomously the
boundary of correct behaviour, and set design parameters
accordingly. In this paper, we focus on the communication
task. We model errors due to over-aggressive operation and
derive a channel model. We show that self-synchronising
codes achieve completely reliable communication over this
channel model, and study a known example, LEDR (Level
Encoded 2-Phase Dual-Rail), which is an improvement of
the well-known Dual-Rail code. Then, we introduce a fam-
ily of coding schemes which are a generalisation of LEDR,
and study their performance over our channel model. We
observe that the wiring overhead can be significantly re-
duced at the expense of a limited loss in reliability. Finally,
we extend our channel model to include additive noise, and
show that in this more general situation a specific instance
of our coding scheme hassimilar or better performancethan
LEDR, at a smaller wiring overhead.

INTRODUCTION

Self-calibrating designs rely on two key hypothesis, namely
the possibility to (i) detect that the system is not operat-
ing correctly, and (ii) improve the system reliability at some
cost—e.g., energy.

In this paper, we focus on the former issue, in the context
of communication. As far as communication tasks are con-
cerned, correct operationis assessed if it is possible to deter-
mine whether a sequence of data has been received correctly.
The voltage and frequency of the link can then be varied to
ensurereliability. In practice, we arelooking for an encoding
scheme that determines, independently of the speed at which
thelink is operated, () if the received datais correct and (b)
if it isthe next piece of datato be received in sequence. The
encoding has to be speed-independent since no assumption
is made on signal propagation time.

Asamotivational exampleillustrating asituation where such
an encoding scheme is required, consider a communication
link where the voltage and frequency are set adaptively by a
self-calibrating controller [11], as depicted in Figure 1. The
encoding scheme has to detect errors originated by over-
aggressive operation. The difficulty does not come from
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Figure 1. The controller determines link parameters, v cn
and Fg,, based on transfer errors. In case the parameters
have been set too aggressively, or if an error corrupts the
data, the decoder has to raise an error flag.

the fact that the frequency is variable, but is caused by the

“blind” setting of voltage at a given frequency. It may re-

sult in situations with (close to) unity bit error rate, which

renders the problem quite unique.

The contribution of this paper is twofold:

e  Wedevelop a channel model for self-calibrating com-
munication, and show that self-synchronising codes,
such as Dual-Rail and LEDR, achieve completely reli-
able communication over this channel.

. We introduce a new family of codes, soft self-synchro-
nising codes, obtained by generalising the LEDR code.
We compare one instance of soft self-synchronising
code with LEDR, and recommend our coding scheme
for self-calibrating communication dueto (a) its lower
wiring overhead and (b) its better tolerance to additive
errors.

The next section gives a short survey over different pieces

of work related to self-calibrating designs, and briefly intro-

duces self-synchronising codes. Then, we define the type of
errors occurring on adatalink operated too aggressively and
give a formal model of the relevant communication chan-
nel. The following section defines self-synchronising codes
in the framework of the introduced model; in the same sec-
tion, we recall the LEDR self-synchronising code, which is
systematic and does not require a spacer. The successive
section describes the novel family of encoding scheme we
propose, the alternating phase encoding, and explains how
it is obtained by a generalisation of LEDR. We conclude
by extending the channel model discussed earlier in the pa-
per to include additive errors; we compare the LEDR code



with a specific embodiment of alternating phase encoding
in terms of reliability and wiring overhead. A short section
summarises our achievements.

RELATED WORK

Self-Calibrating Designs

The use of adaptive design techniques in extremely aggres-
sive designs is not new. For example, in [6] the regiona
clock skew is adaptively tuned at power-up using relatively
complex controllers to compensate for local process varia-
tions across a single die. In a recent paper [4], the possi-
bility of exploiting devicesin subcritical regionsfor Digital
Sgnal Processing (DSP) was presented; in that case, errors
arising from the subcritical voltages are compensated by the
DSP agorithms. The work published in [1] has given more
momentum to self-calibration by showing that the design of
a whole processor without noise margin is indeed possible.
Thework presentedin[9, 10] issimilar in theintents, but ap-
plies to a different domain (communication instead of com-
putation).

Self-Synchronising Codes

When transferring a sequence of data, the notion of timeis
essential in order to determine the correct ordering of data.
For example, assume that the sequence {d }, with & denot-
ing the time index, has to be transferred. How to account
for the fact that dj1 is preceded by the data piece d;.? The
so-called synchronous approach relieson aglobal timerefer-
ence, namely a clock. In the considered example, the clock
contains the information that, if dj, is the sampled data at
timeindex k, dx1 will be sampled at the next rising edge.
Self-synchronisation [7] congtitutes an alternative approach
that samplestime by the events taking place in the system or
environment. Self-synchronising codes are embodiments of
this concept and enable to transfer a sequence of data with-
out the need of aclock. Such codes have been devel oped and
used extensively by the asynchronous community. Notice
that self-synchronising codes are of direct interest for self-
calibrating communication. For example, a signal sampled
too aggressively does not have time to transition. As are-
sult, the missing transition event preventstime from advanc-
ing. A very natural way of preserving data ordering consists
in separating explicitly two consecutive data pieces with a
spacing symbol. Thisisin fact the idea of Dual-Rail, a well
known self-synchronising code, that dedicates a codeword
to data separation [7]. Dual-Rail encodes binary datainto 2-
bit codewords: logic-0 as (0, 1), logic-1 as (1, 0), while the
codeword (0, 0) isreserved as a spacer (see Table 1).

The minimum wiring overhead required by a self-synchro-
nising code is given in [7] as a function of K, the num-
ber of information bits. For example, at least 3 redundant
bits are required for a self-synchronising code encoding 16
information bits. However, such self-synchronising codes
are not systematic, which increases significantly the encoder

Data || Encoding | Meaning
0 (0,1) logic-1
1 (1,0) logic-0

N.A. (0,0) spacer

N.A. (1,1) not used

Table 1. The three logic states used by Dual-Rail. Be-
cause the spacer is the all-zero vector and valid code-
words have weight 1, completion of bit transitions is un-
ambiguously detected.

CLK

X

RX early

RX late

% Transitions occurring

Figure 2. Due to propagation delay of the signal “RX
early”, the sampling times are correct. However, if the
clock is too aggressive with respect to the signal prop-
agation delay, as in the case of “RX late”, the sampled
data is wrong.

complexity, or require a spacer, which is bandwidth ineffi-
cient. (Codes are said systematic when the information bits
are transmitted as such.) LEDR [3] is a systematic code de-
rived by an optimisation of Dual-Rail and it avoidsthe inser-
tion of an explicit spacer token in the dataflow. We discuss
LEDR morein depth in alater section: our encoding scheme
borrows some ideas fromiit.

MODELLING TIMING ERRORS

We would like to capture the following phenomenon: as-
sume a binary signal is sampled synchronously, but with a
clock whose period is not set in function of a worst-case
characterisation of the signal propageation delay. That is,
there is arisk that the signal is sampled while the data has
not yet transitioned correctly: thereceiver samples either the
previous data or has metastability problems. Figure 2 illus-
trates such a situation.

Throughout the paper, we use the following notations and
definitions. k denotesthetimeindex, =, designatesthe chan-
nel input, and y;, the channel output. Def. 1 defines a sig-
nal transition. As for any channel, an error occurs when
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Figure 3. Timing-error channel. The dot operator de-
notes bitwise and of input values.

Definition 1 (Transition) Let z; € {0,1} be a binary sig-
nal. We define a transition on the signal z at time index & if
and only if zj, # z,_1 or, equivalently, z, = zx_1 & 1, with
@ denoting exclusive or.
We denote by e, € {0, 1} the incorrect data sampling at
timeindex k—i.e., e;, = 1 meansthat the sampling has been
too early, while e;, = 0 indicates a correct sampling. Notice
that e;, = 1 does not necessarily mean that an error occurs,
an error occurs only if, in addition, a transition occurs. An
error occursif and only if y # x, which is the case if and
only if (i) atransition occurs—i.e., x; # x,_1—and (ii) the
sampling has been too early—i.e., e, = 1.
We denote by timing error such an error process, and model
the success of sampling with a Bernouilli random variable.
Namely, e, is described by a sequence of independent and
identically distributed (i.i.d.) Bernouilli random variables:
{1 with probability e
€ = . M (1)
0 with probability 1 — ¢,

Wehave: P (yr # xr | xx # xr—1) = €. For an N-bitwide
channel with timing errors, wewrite &, = (eg 1, .. , €k N),
wherethetermsey ; (fori =1,...,N)are N i.i.d. random
variables defined by Eq. (1).

The relation between the channel output i/;.and the channel
input Zxis given by

Up = Th @ €k - (T & Ti—1) %)

with - denoting the bitwise and operation between binary
values and @ denoting the bitwise exclusive or. Eq. (2)
simply models the fact that, for every component i of the
vectors 4y, Ty, and €y, itis yr; = xx; if ex; = 0 or
Thi © Th—1,; = O, and Yk,i = Tk—1,i otherwise. We call
a channel described with Eq. (2) a Timing-Error Channel,
which we denote TEC (¢). A graphical representation of the
timing-error channel isin Figure 3.

The next section introduces the LEDR code, and shows that,
as any self-synchronising code, it detects al timing errors.

LEDR CODE

We formulate the following definition of self-synchronising
codes, which is equivalent to the one of [7].
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Table 2. Possible codewords of the LEDR code. The en-
coder outputs a sequence of codewords with alternating
phase.

Definition 2 (Self-synchronising codes) A codeis self-syn-
chronising if, and only if, it detects any possible error over a
timing-error channel TEC (¢) with0 < e < 1.

We focus on a specific self-synchronising code: the LEDR
code [3]. LEDR is a systematic code, henceforth enabling
low-complexity encoders, and, contrary to codes like Dual-
Rail, does not use any spacer token.

Dual-Rail, which we have described in the Related Work
section, has a high overhead in wiring (100%, as each in-
formation bit is encoded into a 2-bit codeword) aswell asin
timing (100%, due to the explicit spacer). LEDR is an im-
provement of Dual-Rail that avoids using an explicit spacer
token. Before describing the code, we introduce the follow-
ing notations. We denotetheinformation bitsby . Through-
out the paper, we only consider systematic codes. We write
therefore # = (4 | 7) to indicate that a codeword Z consists
of the information bits «# concatenated to the redundant bits
7. Werefer to a code that encodes K bits of information into
an N-bit codewordasa (N, K') code.

Dual-Rail and LEDR areboth (N = 2, K = 1) codes—i.e,,
they encode one information bit into a 2-bit codeword. The
explicit spacer symbol of Dual-Rail is implicitly expressed
inthe LEDR codeword sequencing. Namely, each codeword
is said to have a phase, which we define as follows.
Definition 3 (Phase of a data sequence) Let {u}, with k
denoting the time index, be a sequence of data. The phase,
¢k, of the data iy, is a binary information obtained as the
parity of the sequenceindex k:

¢r =k mod 2 € {0,1}.

By extension, the phase of a codeword is the phase of the
encoded information.

Notice that, by assumption, we restrict the phase to a binary
value. LEDR makes the spacer symbol implicit by exploit-
ing the opposite phase of two consecutive codewords and
encoding the phase in the codeword: The redundant bit r is
computed as the sum of the information bit «, and the phase
¢ (ie, r = ud ¢). Asaresult, the phase of an LEDR
codeword can be obtained directly by checking whether the
information and redundant bit are equal (¢ = 0) or different
(¢ = 1). Table 2 summarisesthe encoding scheme of LEDR.
We verify, in the following example, that LEDR detects all
timing errors.

Example 1 (LEDR is self-synchronising) Consider a 2-bit
timing-error channel over which information is transmitted
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Figure 4. A possible implementation of a LEDR encoder.
The flip-flop generates the alternating phase bit.

with the LEDR code. Analysis of Table 2 shows that exactly
one bit transitions between any two consecutive codewords.
As a result, the only error that can occur is that a bit that
should transition does not. In this case, LEDR declares an
error, since the phase of the received data is unchanged.

When transmitting more than one information bit, each re-
dundant bit is computed independently as the sum of itsin-
formation bit and the phase. Figure 4 depicts a possible im-
plementation of an LEDR encoder: the hardware cost isvery
low. For asynchronous communication, the phase bit would
off course not be inverted with aflip-flop, but after receiving
an acknowledgement from the decoder. On the contrary, if
LEDR had to be used as an encoding scheme for the sys-
tem of Figure 1, the encoder and decoder would be provided
with a synchronous clock, so that any over-aggressive sam-
pling would be detected by the decoder.
Self-synchronisation is a crucial property for asynchronous
communication. Nonetheless, there are two reasons why
codes with lower overhead than 100% are of interest. First,
there are applications (e.g., self-calibrating communication)
that may not tolerate a 100% wiring overhead, while they
may accommodate a nonideal detection capability. Second-
ly, thetiming-error model isideal in the sensethat it neglects
additive errors: In redlity, there are noise sources other than
late bit transitions, and it is unclear whether LEDR performs
better or not than other encoding schemes, including those
with a lighter overhead. We defer this question to a later
section and continue, in the next section, with the derivation
of alow overhead encoding scheme.

ALTERNATING PHASE ENCODING

As shown in Figure 4, each information bit is involved, with
the alternating phase bit, in exactly one parity check rela-
tion. A very straightforward modification enabling to reduce
the overhead of redundant bits consists in including more
than one information bit into a parity check relation. For
example, consider the transfer of 32 information bits. In-
stead of computing 32 redundant bits with 32 independent
encoders, as LEDR would do, one could very well use, for
instance an 8-bit CRC, to generate only 8 redundant bits.
Each redundant bit is computed by only one encoder as a
sum of some information bits, and the alternating phase bit.
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Figure 5. Different options of alternating phase encod-
ing. On the bottom right, we have the LEDR code. All op-
tions with more than one independent encoder are par-
ticular cases of the top row.

This example underlines that two parameters can be varied,

namely: (i) the number of independent encoders, and (ii)

the amount of redundancy added per encoder. Since LEDR
isa(N =2,K =1) code, the number of independent en-
codersis necessarily equal to the number of information bits
to transfer.

Figure 5 shows different encoding options, including LEDR.

For the rest of the paper, we focus on the most general case:

the aternating phase encoding with only one independent
encoder. When giving numerical examples, the encoder as-

sumed consists of an 8-bit CRC generated by the polynomial

2%+ 22 + 2+ 1. Thischoiceis motivated by a piece of work
which studied the performance of 8-bit CRC over the bi-
nary symmetric channel and concluded that this polynomial

has the best overall performance[2]. We have observed on a
few examplesthat this property seemsto be preserved for the
timing-error channel. We name the design option with only
one encoder computing the CRC generated by this polyno-
mial the CRC-8 alternating phase encoding.

Before describing more precisely the alternating phase en-
coding, we need some notations to describe the operation of
a single encoder. By encoding the information bits @ with
a CRC encoder, one gets the redundant bits +; we write:
7 = CRC-Enc (#). Decoding consists in computing, from
the received data ¢, the syndrome s [5], which we write
§ = CRC-Dec(%). Eq. (3) shows how a codeword Zj, is
obtained from the information bits i, with the aternating
phase encoding:

Ty = (Uk | CRC-Enc (¢k | Uk)), (3)

where ¢y, is the phase of the sequence i}, provided by the



encoder. Eq. (4) describes the decoding procedure:
Sk = CRC-Dec (¢x | 4k) , (4)

where ¢y, is the phase of the sequence ), provided by the
decoder. The decoder declares an error if and only if the
syndrome is not the all-zero vector—i.e., if and only if the
received data does not belong to the code. To summarise,
the alternating phase bit, ¢y,
. flips each time new datahasto be encoded, or decoded,
° is not transmitted over the channel, but generated both
by the encoder and decoder, and
° is involved both in the computation of the redundant
bits and the syndrome.
Example 2 shows that the alternating phase encoding detects
all timing errorswhen the bit error rate ¢ is 1.
Example 2 (Timing-error channel TEC (¢ = 1)) Con-
sider a timing-error channel, TEC (¢ = 1), this time using
the alternating phase encoding scheme. Since any transition
fails, the received data is equal to the preceding one (i =
Yk—1), but the decoder appendsthe alternating phase bit that
has flipped. As a result, the decoder encounters a weight-1
error, which is deterministically detected.
The residual word error rate, a standard reliability metric,
is the probability that the decoder declares a word correct,
while it is actually corrupted. We indicate it as Py e . We
derivein [8] an upper-bound and an approximation for alter-
nating phase encoding with 1 encoder, over a timing-error
channel. We obtain the following expressions:

Puwe < iK iAiEi ((1 - €)d71 + ((2 — E)C(i) — 1))

()

and

1 K
Puwe = 2_K Z Aet

i=1

{a-a + -9l (e-o - 1)},
6

with d the minimum distance of the code, A; the number
of codewords of weight i, and C'(¢) a constant that depends
on the code and the weight <. (The weight of a codeword is
the number of 1sit contains.) The A; and d are well-known
characteristics of a code which can be readily obtained [5].
The upper bound and approximation of Egs. (5) and (6) are
plotted in Figure 6, for the CRC-8 alternating phase encod-
ing mentioned at the beginning of this section. The residual
word error rate decreases very rapidly with the raw bit error
rate: for example, aresidual word error rate of 10 10 is al-
ready achieved for araw bit error rate e ashighas 10 3. As
it can be seen from the equations and from Figure 6, both
the upper bound and approximation of the residual word er-
ror rate amount to O for araw bit error ratee = 1. We point
out that this feature is essential for a self-calibrating system
that may very well operate with values of € ashigh as 1.

10

upper bound of Eq. (5) \

1072} approximation of Eq. (6)
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Figure 6. Residual word error rate (Py.w.e.) VS. raw bit error
rate (¢) for the CRC-8 alternating phase encoding over a
timing-error channel. The thick curve has been obtained
by simulation, while the others are plotted from Egs. (5)
and (6).

Figure 6 showsthat the maximum Py, isnearly 10~2. This
maximum value can be decreased by exploiting a latency-
reliability trade-off. We observe that the residual word error
rate is maximum when the raw bit error rate is fairly high
(inthe 0.1 to 0.9 range). As aresult, athough it isin this
bit error rate range that the maximum undetection probabil -
ity is found, the code still detects many of the errors that
occur. The idea consists in considering correctly received
aword only if also the following word has no detected er-
rors. Namely, 4 is marked correct only if also ¢/;+1 hasno
detected errors. Thisrule bringsthe benefit of cancelling un-
detected errors affecting 4/, when 41 has detected errors.
Theruleiseasily implemented with a one-word pipeline ap-
pended to the decoder output.

We call 2% the residual word error rate of this scheme, and
giveits analytical expressionin Property 1.

Property 1 (Residual word error rate) The residual word
error rate of the scheme with a single word pipelineis

Pﬂlge = Pu.w.e. (1 - (1 - I::'u.w.e.) (1 - Pn.w.e.)) 5

with P,w.e the probability that no error occurs on a word,
and P, theresidual word error rate of the encoding used.
The proof of this property is in appendix. Figure 7 com-
pares the residual word error rate of the one word pipeline
scheme with the one already plotted in Figure 6. Figure 7
reveals that the maximum residual word error rate has been
decreased by nearly two orders of magnitude. As expected,
the difference between the two schemes is only significant
for large bit error rates.

TIMING ERRORS AND ADDITIVE NOISE
We have seen in the last section that some low overhead
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Figure 7. Residual word error rate (P,w.e.) as a function of
the raw bit error rate (¢), for the CRC-8 alternating phase
encoding over a timing-error channel. The upper curve
is obtained from Eq. (6), while the lower one is plotted

from Property 1.
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Figure 8. Extension of the timing-error channel: not only
bit transitions may cause errors, but also additive white
noise.

versions of aternating phase encoding, although not ensur-
ing self-synchronisation in the sense of Def. 2, till offers
a reasonable residual word error rate over the whole range
of raw bit error rate. Moreover, they detect al errors oc-
curring with a unity raw bit error rate. The situation con-
sidered in the last section isin a sense idedl, as it assumes
that the only error source are delayed transitions. We extend
therefore the timing-error model with additive noise, as de-
picted in Figure 8. This more realistic channel model now
includestwo independent white noi se sources—modelled by
Bernouilli sources as in Eg. (1). We denote such a channel
a Timing-Error Additive-Noise Channel, and abbreviate it
TEANC (g, €a), With ¢ and e, describing the respective pa
rameters of the two independent and i.i.d. Bernouilli sources
of timing and additive noise. We compare now the reliabil-
ity of the CRC-8 aternating phase encoding with the one
of LEDR, under a TEANC (e¢,£,). Notice that, over such
achannel, LEDR and other classic self-synchronising codes
do not guarantee anymore the detection of al errors.

residual bit error rate

£a=10"

—

bit error rate (timing errors)

0

Figure 9. Residual bit error rate (eP ) of LEDR as a func-
tion of e; and for several values of 5, when transferring
K = 20 information bits over a TEANC (&, €a) channel.
The residual bit error rate goes up to 0.5 as € becomes

1, forany ea > 0.

Asareliability metric, we usetheresidual bit error rate, £Bt
because the two codes have different overhead. The residual
bit error is the probability that, at the decoder output, a bit
is erroneous. It is actually difficult to obtain analytically the
residua bit error rate of an alternating phase encoding over a
timing-error channel with additive noise. Therefore, we ob-
tain this quantity by simulation. On the contrary, theresidual
bit error is easily obtained in the special case of LEDR, as
shown in the next property, whose proof is in appendix.
Property 2 (Residual bit error rateof LEDR) Consider
the transfer of K information bits using the LEDR code
over atiming-error additive-noise channel TEANC (et, 4).
Then, the probability of an undetected bit error is indepen-
dent of K, andisgiven by

Ebit _ Pu.b.e.
res. — )
Pn.b.e. + Pu.b.e.

with Pupe = ctca(l —€a) + (1 — &) €2 and Pope = &car
(1—ca) + (1 — &) (1 —ea)’.

We have plotted in Figure 9 the expression of 2L asafunc-
tion of ¢, for different values of ¢,, and assuming that K =
20 information bits are transferred. As expected, we observe
a plateau as ¢; goes to zero. On the contrary, we see that
the residual bit error rate becomes as high as 0.5, when ¢
goes to 1. Due to additive noise, LEDR has lost the self-
synchronising property. We compare now the residual bit
error rate of LEDR with the one of the CRC-8 alternating
phase encoding. Again, we do so by fixing the additive bit
error rate ¢, to some relatively small values, as expected
in reality. We perform the comparison at equal wiring re-
sources, that is considering an LEDR code with K = 20
information bits (i.e., atotal of 2K = 40 bits) and an alter-
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Figure 10. Comparison of the residual bit error rate of
LEDR and the CRC-8 alternating phase encoding, as a
function of e; and for several values of €,. The dotted
horizontal line is an upper bound on the residual bit error
rate of the CRC-8 alternating phase encoding, for e, =
10~* and & close to 0.

nating phase encoding that adds 8 redundant bitsto K = 32
information bits.

Figure 10 reveals that, over most of the timing bit error rate
range, the CRC-8 alternating phase encoding outperforms
LEDR. In particular, the CRC-8 aternating phase encoding
performs significantly better than LEDR for the two cases
(i) e small (< 107%), and (ii) & large (> 0.5). These two
cases are especially relevant for self-calibrating systems: the
system controller will mostly operateonthelow bit error rate
range, and, sporadically, will push the system to the high bit
error rate range. Indeed, for most silicon-based systems, the
transition from correct to wrong behaviour is pretty steep.
In conclusion, for self-calibrating communication, the CRC-
8 aternating phase encoding looks like a promising choice
since (@) it has asimilar or better reliability than LEDR and
(b) it costs less energy due to both lower wiring overhead
and switching activity.

CONCLUSION

In this paper, we study communication over a self-calibrated
link. We formally model errors due to over-aggressive set-
ting of the link parameters (voltage and frequency). We
show that self-synchronising codes detect al such errors.
Then, we contrast two different coding schemes, one used in
asynchronous communication (LEDR) and an origina one
based on well-known linear codes (CRC-8 alternating phase
encoding). Compared to LEDR, we show that the CRC-8 al-
ternating phase encoding offers a tolerable degradation of
reliability, while the wiring overhead is reduced by a fac-
tor four (25% vs. 100%). We call these codes soft self-
synchronising codes. In addition, we describe both schemes

under acommon coding framework and we extend our chan-
nel model to account for additive noise. We show that, with
this model, the CRC-8 alternating phase encoding, a low
wiring overhead embodiment of alternating phase encoding,
offers better or similar reliability than LEDR, while being
more energy efficient due to the lower wiring overhead and
switching activity. As a result, we suggest that soft self-
synchronising codes are promising encoding schemes for
self-calibrating communication: they offer a better trade-off
between various types of overhead and reliability, compared
to traditional hard self-synchronising codes (such as Dual-
Rail and LEDR).
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APPENDICES
Proof of Property 1

A word at the channel output has either (i) no error, with
probability Pnwe, (ii) an undetected error, with probability
(1 — Pawe) Puwe., Or (iii) a detected error, with probability
(1 = Phwe.) (1 — Puwe). We denote by w;, the word at the
pipelineoutput, at time &, by 1} theindicator function of an
error on wy,, and by I%-W-e- the indicator function of adetected
error on wy. We have that

Pﬁ|ge -p (|%W'e' _ 0, |gx_vle =0 | |\]/€v.e. _ 1)
P(1gwe =0, 13w = 0,13 = 1 )
N P(Iye =1) '
We obtain directly that
P(I® =1)=1—Powe. (8)

Also, the event (I9"e =0, 1¢%& = 0,1 = 1) is equiva-
lent to requiring that (i) wy, has an undetected error and (ii)
w41 has no detected error. The two events are independent
because the timing-error channel introduces independent er-
rors. We can therefore write that

P (|2‘W'e' _ 0’ |2_~V\_lf _ 07 |\£/.e. _ 1) _
(1 - Pn.w.e.) Pu.w.e. : (1 - (1 - Pu.w.e.) (1 - Pn.w.e.)) . (9)

The result is obtained by combining Egs. (7), (8), and (9).
Lastly, remark that, when using a (N, K) linear code over a
timing-error channel of bit error rate €, the probability of no
error, Powe., iS given by

1 & :
Prwe = 2_K Z A; (1 - 5>Z ,

1=0
with A; the number of codewords of weight 7 in the code. [

Proof of Property 2

We denote by word the 2K bits resulting of the encoding
of K information bits, and use the same notations of Prop-
erty 1. We say that an undetected word error has a weight-:
when ¢ information bits are affected by the undetected er-
ror. We compute P by aweighted (with the probability of
occurrence) sum of fraction of erroneous bits at the decoder
output:

K .
ehit — Z % P (weight-i uw.e. | 19%¢ = 0).  (10)

i=1

Through standard probability manipulations, we have that
P (weight-i uw.e. | 19%€ = 0) =
P (weight-i uw.e., 19%e = 0)

P (|d.w.e. — 0)
P (weight-i u.w.e.)
P (|d.w.e. — 0) (11)

Let 7 and ¥, be the input and the output, respectively, of
a 2-bits TEANC (e, £4) channel. We denote by Pppe the
probability that no error occurs, i.e., Pnpe = P (Zk = ¥k).
Moreover, we denote by Py e the probability that an unde-
tected hit error occurs, i.e., Pupe = P (& # i, 19V = 0).
Notice that an undetected error implies that the bit output
by the decoder is corrupted since no weight-1 error is unde-
tected with LEDR.

We remark that

P (weight-i uw.e.) = (IZ() (Pube)’ (Pape) ™™ (12)

and
P (19%€ = 0) = (Pope + Pupe) ™ . (13)
Combining Egs. (10), (11), (12), and (13), we aobtain that
K

=) %P (weight-i uw.e. | 19%® = 0)

i=1

i w <IZ() (Pube)’ (Prpe)™ ™"

)K

(Pn.b.e. + Pu.b.e.

Yis (Ij__ 11> (Pupe)’ (Pape) D=1

(Pn.b.e. + Pu.b.e.)K
Pu.b.e. (Pn.b.e. + F)u.b.e.)K_1

(Pn.b.e. + Pu.b.e.)K
Pu.b.e.
I::'n.b.e. + Pu.b.e.

(14)

Expressions for P,pe and P,pe are easily obtained by re-
calling that an error is undetected with LEDR if and only if
both bits are corrupted. Therefore,

Pube = ctca(l —€a) + (1 — &) 63. (15)

Thefirst termisthe probability that, on thetransitioning line,
atiming error and no additive error occur, while, on the other
line, an additive error occurs. The second term is the prob-
ability that, on the transitioning line, no timing error, but an
additive error occurs, while, on the other line, an additive
error occurs. By a similar reasoning, one gets that

Pobe = ctca(l—ca) + (1 — ) (1 —ea)®.  (16)
O



