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Abstract — The problem of optimum design of tree-
shaped power distribution networks with respect to the
voltage drop effect is addressed in this paper. An
approach for the width adjustment of the power lines
supplying the circuit’s major functional blocks is
formulated, so that the network occupies the minimum
possible area under specific voltage drop constraints at
all blocks. The optimization approach is based on precise
maximum current estimates derived by statistical means
from recent advances in the field of extreme value
theory. Experimental tests include the design of power
grid for a choice of different topologies and voltage drop
tolerances in a typical benchmark circuit.

I. INTRODUCTION
The massive power distribution networks of modern deep-
submicron VLSI circuits are particularly susceptible to a
number of reliability problems, the biggest one of which is
the well-known voltage drop or IR-drop problem [1]-[2].
This effect characterizes the lowering of the effective
voltage level supplied on the active devices of the circuit due
to the finite resistance of the power and ground wires, and
can have an adverse effect on circuit speed and noise
margins (Fig.1), degrading performance (at best) or causing
faulty logic signals and circuit malfunction [3].
Traditionally, in order to avoid significant drop of the
voltage level the power distribution lines have been made
excessively wide to reduce their resistance. However, the
voltage drop problem becomes even more pronounced with
each new generation of integrated circuits, as the increase in
the number of devices and operating frequency combined
with the decrease in feature size induce an increase in the
currents and the effective resistance respectively, while the
decrease in the supply voltage lowers its acceptable drop
along the power distribution lines. Therefore simply
increasing line width without any restriction cannot be
maintained since this would result in a significant
occupation of valuable silicon area (which must also
accommodate the interconnection lines of the circuit). A
method for designing power networks to satisfy certain
constraints on IR-drop while occupying the minimum
possible silicon area is required, and this became an
important research direction lately. A good deal of work has
been done previously for this purpose [4]-[9]. Yet, such a
design method necessitates the knowledge of the maximum
possible currents flowing at any time through the lines of the
network, which in all of previous works were considered as
given. However, their specific value is hard to obtain since
the instantaneous current is a function of the specific pair of
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input vectors inflicting a transition at the circuit’s logic state,
the number of which is (as is well known) exponential to the
number of primary inputs and prohibitively large to conduct
an exhaustive examination. A number of independent
approaches for the estimation of maximum currents have
appeared [10]-[13], but they are mostly heuristic or over-
simplified and cannot provide the accuracy needed for the
design of deep-submicron ICs.
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Fig. 1. Voltage drop along the power distribution wires and
its impact on circuit noise margins.

In order to ensure the highest possible precision in the
assembly of current data, an estimation approach has to rely
on detailed circuit simulation. Since, however, it is not
possible to simulate the circuit for the entire set of all
possible vector pairs, statistical techniques have to be
employed as the most viable solution to transfer the burden
from a large population of units to a much smaller sample.
The design method being proposed in the current paper takes
advantage of the most recent research in statistical maximum
current estimation from the discipline of extreme value
theory (EVT) [14], which is the pertinent field of statistics
for the estimation of the unknown maximum of a related
population from one (or more) of its samples [15]. A few
previous techniques based on statistical exploitation of
simulation data did appear [16]-[18], but they were either
not based on EVT or they did not make efficient use of the
theory as was subsequently demonstrated in [14].

The rest of the paper is organized as follows. The next
section formulates the problem of power network design as a
constrained optimization problem. Section III gives the basic
statistical results for the estimation of maximum currents
using EVT. Section IV describes the ensuing procedure for
the optimum selection of power line widths, and section V
presents our experimental results from various case studies
on a typical benchmark circuit. Finally, section VI gives the
overall concluding remarks.



II. PROBLEM FORMULATION
The voltage drop at any time along a branch j of the power
distribution network follows the fluctuations of the
instantaneous current waveform / (¢) and is given by:

J

[
(1) V,(0)=1,0R, =1, (z)tﬁw—f —1,(0)R,,
where /., w,, t,, and p are the length, width, thickness,
and resistivity of branch j respectively, while R, = p/t, is

the sheet resistance of the metal layer where the branch lies.
This paper will only deal with the optimization of tree-
shaped power networks which, although very popular in
CAD environments for automatic IC design (e.g. standard-
cell ASIC design), have not yet received a satisfactory
solution for their effective implementation. A tree topology
has the convenient feature that all changes in the widths (and
resistances) of the wires do not affect the currents flowing
inside the network, the latter being solely determined by the
currents drawn from the active devices. A tree also
constitutes the minimum area topology under some given
constraints for voltage drop, as was explicitly proved in [19].
On the other hand, in the case of general graph networks
typically encountered in contemporary custom ICs, the
width adjustment procedure would alter the currents flowing
inside the network and should be performed in an iterative
fashion until a proper convergence criterion is satisfied.

We will apply width modification on the global power lines
supplying the major functional blocks (as they are placed
during floorplanning), ignoring the local lines reaching the
final devices of the circuit. This substantially reduces the
number of parameters and constraints involved without any
serious compromises, since only those lines carrying large
currents and inevitably having the biggest influence in total
area are taken into consideration. We will further shrink the
number of parameters and constraints by considering the
composite straight lines instead of the individual branches in
the network, since all collinear branches comprising every
one straight line will have common widths eventually.
Taking all the above into account, the objective function
describing total network area is given by:

»
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where p is the number of global distribution lines in the
network, and the optimization is to take place with respect to
the width variables w, (since the lengths /, are considered

as fixed and given by the specific grid topology issuing from
the floorplanning scheme). The respective IR-drop
constraints must be formulated in such way that the
difference V,, —V(¢) at all functional blocks stays below a
safety threshold voltage V, (typically set at 10% of the
V,, [20]) at all time instants ¢ This
formulation will employ separate maximum current values
for each new line in the tree hierarchy and not merely use
the sum of the maximum currents of its successor lines (or
even the end blocks), since the latter are obviously
correlated and cannot possibly appear at the same time.
Specifically, if 7 is the maximum current flowing

supply voltage
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downstream through line j, the desired IR-drop constraints
can be expressed as:

3)

*

l
DI, R, <V, Vi=12,..q,
W.l

=
where ¢, is the number of outermost functional blocks
located at the edges of the power lines (to which we can
obviously confine since each of them exhibits the largest
voltage drop with respect to all former ones along the same
line), and 7, is the unique (for tree-shaped networks) path
from the main power pad to the outermost block i (see Fig.

2). Notice that the line lengths are denoted as /; since they
do not belong entirely to the path 7, but only partially.
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Fig. 2. Tree-shaped power distribution network and voltage
drop path from the main power pad to an outermost block.

III. STATISTICAL MAX. CURRENT ESTIMATION
As has already been mentioned above, the difficulty in
obtaining the maximum currents /, . is that the current

waveform [ (¢) flowing through each power line j is a
function of the vector pair (v,,v,) generating a state
transition at a particular clock edge. If the peak value 1, ; of
I,(¢) is taken over one clock cycle as a function of (v,,v,),
then 7

mx, j

is equal to the maximum value of this cycle-

accurate peak current among all possible pairs (v,,v,).
From a statistical viewpoint, the entire set of vector pairs can
establish an initial population of size 4 (where k is the
number of primary inputs - or the number of bits in each
input vector) in which the quantity of the cycle-accurate
peak current is regarded as a random variable X. Supposing
that X is characterized by a cumulative distribution function
(cdb) F(x) (and  associated  density  function
f(x) =dF(x)/dx), which is assumed to be continuous and
differentiable (see Fig. 3 for examples of such distributions
for different power lines in a typical benchmark circuit),
then the problem of determining the overall maximum
current can be cast as a problem of estimating the unknown
maximum of a given statistical population with cdf F(x).
The latter quantity, known as the upper endpoint ., is

formally defined as the least upper bound of the range of
values of the variable X (supporting domain or support of

F(x)):



4 o, :sup{xe*R:O<F(x)<l}

which becomes @, =F ' (1) if X is bounded from above or
®, =+ in the opposite case.

Let now X, =[X,,X,,,....X,,]" (k=12,...,m) be m
samples of size n from the population in hand, where all
units are drawn in random so that they form independent and

identically distributed (iid) random variables with cdf equal
to F(x) . In our effort to estimate w, we seek to construct a

X

> kn

new sample X, =[Z,,Z,,...,Z,]" of the maxima units
Z, =max(X,,,X,,,...,X,,) from each initial sample X,
which for an adequate size n is known to approach
asymptotically a well-defined parametric cdf G(x) where

o, is passed within its parameters a,,b, (provided that the

F
parent F(x) is continuous and differentiable). The analytic

functional forms of G(x) and a,,b, are determined by a

fundamental limit theorem of EVT [15], which can be found
collectively in [14]. The target estimate @, of w, can then

be extracted by conventional maximum likelihood (ML)
estimation [21] of parameters «,,b, upon the sample X

For the estimation act we will focus on the dominant sub-
case G,(x) of G(x), defined as the Gumbel probability

distribution in [14], which can be shown to characterize the
vast majority of practical situations (and largely corresponds
to the normal distribution of the central limit theorem being
the dominant sub-case within the more general family
known as stable [22]). This dominance of the Gumbel
distribution for maxima has been validated both theoretically
[23] as well as experimentally [14],[24]. We cannot use the
general cdf G(x) in place of G, (x) for the estimation of

o, because, in the vast amount of situations following the
latter one, the variance of @, (along with the resulting

error) would approach infinity and thereby render the
estimation process inherently inefficient or inaccurate (as
was clearly demonstrated in [14]). On the other hand, in the
very few cases where the Gumbel assumption is not justified
there will only be an overestimation of the actual maximum
and a consequent conservative design, which is by all means
reasonable compared to a potentially disastrous underdesign.
Here, we replicate the important results for this sub-case
from [14], referring the reader to that publication for details
on their derivation. The upper endpoint estimate is given by:

b
)

o 1+ n,/;rlogn(erf(,/logn) —1)

where erf (x):%[exp(—tz)dt is the well-known error
T

A

@y

=a

is found in tabular form in many

I;” are the ML

function which

mathematical textbooks (e.g. [25]), and a

n?

estimates of parameters «,,b, as determined by
maximization of the subsequent log-likelihood function:
(6)
N Z —a Z. —a
logl(a ,b)=- : ~ +exp| — — ~ |+logh
gL(a,.b,) Z{ n p( b/’J gnJ

481

A confidence interval (corresponding to a confidence level
of (1-9)x100% ) can also be constructed for the final
estimate @, , as follows [21]:
Jn 7

s 2(-7) 1
.\/(yil) i 1+n\/zrlogn(erf(\/@)—l)Jr (1+nm(erf(J@)—l))2
where z,,, is the /2 quantile point of the standard normal
distribution and y =0.5772...
number known as the Euler gamma constant [25].
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of the cycle-accurate peak current on three major
distribution lines (for the c6288 benchmark circuit).

IV. POWER GRID OPTIMIZATION PROCEDURE
The formulated power grid optimization procedure consists
of two main parts. The first part is to obtain the estimates of
maximum currents along each line of interest, which can be
performed using the statistical concepts presented in the
previous section. A major assumption here is that the parent
cdf F(x) of the cycle-accurate peak current for each line is

a continuous and differentiable function. Clearly, this
assumption cannot be proved or guaranteed for any possible
circuit and any power distribution line. However, it can be
most frequently justified in practice for situations where the
circuit has a moderate number of primary inputs (which
leads to an almost infinite population of vector pairs) and
each line has sufficient transistors beneath, so that their
combined current (for different vector pairs) is diverse
enough to form a continuous and clearly shaped cdf (for
example, the empirical cdfs for the three major lines in Fig.
3 can be safely assumed to be continuous and differentiable).



In fact, most other researchers have resorted to this
particular assumption when dealing with problems of similar
nature [12],[16]-[18], and thus we will proceed likewise.
Apart from the above assumption, another requirement to
ensure the validity of the estimation process is to perform
random sampling upon the population of vector pairs, so as
to obtain current data samples which are comprised of iid
units. This requirement is most typically accomplished by
means of a computer-based random number generation
technique. With the above observations in mind, the ensuing
procedure for the estimation of maximum current along each
power distribution line consists of the following steps:

1. Generate a total of n-m random vector pairs for the
circuit under consideration.

2. Simulate circuit (e.g. with Powermill) under all
generated pairs and, for each vector pair, record peak current
in all relevant power lines within a clock cycle.

For each power line separately then:

3. Arrange the cycle-accurate peak current values in m
samples X, of size n each.

4. Construct the sample X, of the maxima from each
initial sample X, .
5. Perform ML estimation of parameters a,,b, on sample

X . via maximization of (6).
6. Determine the estimate of overall maximum current
from (5), and (optionally) its confidence interval for a
desired confidence level 1 -6 from (7).

From the above steps the most subtle one is the ML
estimation procedure which again (like our broader problem)
involves optimization (maximization here) of an objective
function with respect to a set of independent variables. This
step can obviously be handled in the same way as the global
optimization problem described below in brief. Initial
estimates of the parameters a,,b, necessary for the

algorithmic implementation can be found by equating the
first two statistical moments (mean and standard deviation)

of the sample X, with those of the population with cdf
G, (x), in the fashion described in [14]. The sizes n and m of

the samples participating in the above procedure are selected
as n=100 and m =100 respectively (giving a total of
n-m =10000 units), which as demonstrated in [14] can lead

to a relative estimation error £:|a3F —a)ﬁ.|/ @, of

approximately 5% at a confidence level of 95%.

After determining the maximum current estimates in all lines
of interest, we come to the second part of the optimization
process which involves application of a proper optimization
algorithm to the objective function (2) with the constraints
given by (3). Constrained optimization is a very broad field
and many algorithms are available which differ from each
other in terms of speed and overall efficiency. However, the
purpose of this paper is not to elaborate on numerical
techniques but to demonstrate the potential of EVT-based
maximum current estimation as well as make a smart
problem formulation so that it can be approached by any
relevant algorithm. That said, a Lagrange-Newton (or SQP)
algorithm attempting a direct solution of the Kuhn-Tucker
optimality conditions was finally adopted, the theory and
implementation details of which can be found in [26]-[28].

V. EXPERIMENTAL RESULTS
The circuit selected for the experimental validation of the
method was the c¢6288 (a 16x16 multiplier with 32 inputs, 32
outputs, and 2406 gates), which is the largest and most
complex circuit of the ISCAS85 benchmark suite. The
circuit was implemented in a contemporary 0.13 pm

process with 6 copper metal layers and supply voltage
V,, =12V, and was broken up into 5 major functional

blocks. These were subsequently arranged in two different
floorplanning schemes, which are henceforth referred to as
scheme I and scheme II. The estimation of maximum
currents at each power line was performed first, according to
steps 1 to 6 described in the previous section, and the
derived results are reported in Table I. The main information
includes the floorplanning scheme in column 1, the number
of vector pairs used for estimation in column 2, the line
current identifier in column 3, the maximum current in the
sample used for estimation (useful to assess the potential of
the statistical method) in column 4, the actual maximum
current estimate in column 5, the confidence intervals for
confidence levels 95%, 99% and 99.99% in columns 6 to 8§,
and the relative estimation errors for these confidence levels
in columns 9 to 11 (derived from columns 6 to 8 by division
with column 5), which in the case of the 95% level are close
to 5% as expected for the 10000 pairs used for estimation.
Note that in the case of scheme I we have additionally
conducted estimation for 30000 vector pairs which are found
to give around 5% relative error at a higher confidence level
0f99.99%.

Table I. Results for the estimated values of maximum current along the three major distribution lines.

Floor- Number Line Sar.nple Estir'nated Confidence interval Relative estimation error
planning | of vector current | MaXimum | maximum
scheme pairs (mA) (mA) 95% 99% 99.99% 95% 99% 99.99%
| - 367.249 471.365 +23.999 | £31.540 | +47.639 | 5.1% | 6.7% 10.1%
1 10000 Lixa 273.032 386.230 +25.428 | £33.418 | £50.476 | 6.5% | 8.6% 13.1%
| I 174.183 220.125 +10.844 | £14.252 | £21.526 | 4.9% | 6.5% 9.8%
Ly 376.935 470.862 +13.844 | £18.195 | £27.482 | 2.9% | 3.9% 5.8%
I 30000 | I 287.910 379.042 +14.097 | £18.527 | £27.983 | 3.7% | 4.9% 7.4%
Lixs 177.075 218.243 +6.033 +7.929 | £11.976 | 2.7% | 3.6% 5.5%
| 367.249 471.365 +23.999 | £31.540 | +47.639 | 5.1% | 6.7% 10.1%
1I 10000 | 275.065 366.538 +24.280 | £31.909 | +48.197 | 6.6% | 8.7% 13.1%
I 234.556 302.157 +18.189 | £23.905 | £36.107 | 6.0% | 7.9% 11.9%
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Fig. 4. Various experimental case studies and resulting optimum line widths. All line sizes are expressed in microns and all
widths are initially set to 1.2 gm . The sheet resistance is 0.0143 2/ sg and the supply voltage is 1.2 V.

Based on the previous maximum current estimates, we have
applied the constrained optimization algorithm on six
different case studies for the design of power grid of the
¢6288 circuit. These are collectively shown in Fig. 4. In the
left part of each figure the initial network (placed in the
uppermost metal layer) is shown with all line lengths
explicitly denoted. At the right part the final network
following the optimization procedure is demonstrated. The
sheet resistance for the copper metal layer is 0.0143 Q/sq,

and initial line widths are 1.2 gm in all occasions.

Fig. 4a shows the floorplanning scheme I and the resulting
optimum line widths at the typical voltage drop tolerance
(10% of V,,, i.e. V,=0.12V for V,, =12V"). Fig. 4b
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corresponds to the same situation with maximum currents
being estimated using 30000 vector pairs, thus giving 5%
relative error at a 99.99% confidence level. The resulting
line widths are nearly identical, confirming that estimation at
a 95% confidence level is fair enough. Fig. 4c shows the
same floorplanning scheme supplied by a different (tree-
shaped) power network topology. Here, the instantaneous
(and maximum) currents are equal but the line lengths are
different and this affects the optimum line widths. Fig. 4d
illustrates the resulting situation for the floorplanning
scheme II, where both line lengths and maximum currents
are different. The remaining two cases in Figs. 4e and 4f
illustrate the situation for scheme I but with the voltage drop



tolerance being relaxed to 15% of V,, (¥, =0.18V") and
tightened to 7.5% of V,, (¥, =0.09 V) respectively. We

can observe the decrease in optimum line widths in the first
case and increase in the second case as was naturally
expected.

VI. CONCLUSION

A method for the optimum design of tree-shaped power
networks by adjusting global line widths in the presence of
IR-drop constraints has been proposed. The method relies on
a combination of circuit simulation and statistics in order to
obtain the necessary estimates of maximum currents, and
makes use of some recent advances in the field of extreme
value theory by which the latter can be estimated from an
initial sample with arbitrary accuracy and confidence levels.
Its potential has been demonstrated by a series of
experimental case studies formulated around the physical
layout of a standard benchmark circuit. The approach may
be easily integrated within the design flow of digital CMOS
ICs in order to help prevent power grid overdesign and point
towards efficient use of routing resources, which will
constitute an essential design need for the next generation of
VLSI systems.
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