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ABSTRACT
Advances in VLSI technology make clock skew more susceptible
to process variations. Notwithstanding efficient zero skew rout-
ing algorithms, clock skew still limits post-manufacturing perfor-
mance. Process-induced skew presents an ever-growing limitation
for high speed, large area clock networks. To achieve multi-GHz
operation for high-end designs, clock networks must be constructed
to tolerate variations in various interconnect parameters. We pro-
pose a statistical centering based clock routing algorithm built upon
DME that greatly improves skew tolerance to interconnect varia-
tions. The algorithm achieves the improvement by: i) choosing the
best center measure which is dynamically based on the first three
moments of the skew distribution, and ii) designing for all sink
pairs in the subtrees simultaneously. In addition, a variation aware
abstract topology generation algorithm is proposed in this paper.
Experiments on benchmark circuits demonstrate the efficiency of
the proposed method in reducing the number of skew violations by
12%−37%.

Categories and Subject Descriptors: J.6 [COMPUTER-AIDED
ENGINEERING]: Computer-aided design (CAD)

General Terms: Algorithms, Design, Reliability, Verification.

Keywords: Clock Tree, Routing, Robustness, Process Variations.

1. INTRODUCTION
Most digital chips are synchronous and the minimum achievable

clock period dictates the overall speed of the system. Clock skew
is one of the dominant factors that impose an upper bound on the
period of the clock. Minimizing clock skew violations is therefore
an important design objective.

Given a set of placed flip-flops (clock sinks), the goal of many
traditional clock routing methods is to construct a minimal wire-
length routing tree connecting these sinks such that certain skew
constraint is satisfied. Perhaps the most common skew constraint
is zero skew [1] which requires that the clock signal delay at every
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sink is the same. Usually, the clock tree routing is a bottom-up re-
cursive merging procedure starting from the sinks. An abstract tree
tells which subtrees to be merged at each step. Layout embedding
decides the location of each internal node of the abstract tree or the
root (merging) node of the subtree resulted from each merging.

In [1], Tsay suggested a layout embedding method to achieve
zero skew based on the Elmore delay model. Chao, et al. [2],
developed the well known DME (Deferred Merging Embedding)
technique to reduce wirelength for zero skew routing. During the
bottom-up merging, DME embedding maintains a set of locations,
which satisfy skew constraints and form the so-called merging seg-
ment, instead of fixing an exact location for each internal node. Af-
ter the bottom-up merging, a top-down tree traversal is performed
to choose a single location on each merging segment such that the
total wirelength is minimized. Edahiro introduced a nearest neigh-
bor based abstract tree method [3] and integrated it with DME em-
bedding to achieve perhaps the best reported wirelength for zero
skew routings. Another variant of skew constraint is useful skew [4]
where the skew between a pair of clock sinks is required to be a
certain non-zero value for the sake of circuit timing improvement.
Cong, et al., proposed a bounded skew tree (BST) algorithm [5]
where a global non-zero skew bound is enforced upon all pairs of
sinks.

Due to imperfections in the very deep submicron process, the
geometry parameters of the fabricated wire may differ from the
nominal design values. A recent paper [6] by Liu, et al., stated
that interconnect variations may cause as much as a 25% devia-
tion in the clock skew. The presence of process variations makes
the zero skew constraint unsatisfiable and existing zero skew algo-
rithms cannot address process variations inherently.

As early as 1993, Pullela, et al., started to consider variations
in clock routing [7]. Lu, et al., presented an approach [8] called
MinSV (Minimal Skew Violations) to construct process variation
tolerant clock trees that aligns the center of the skew range at the
center of the permissible range for critical sink pairs. The worst-
case skew due to process variations is used to guide the layout em-
bedding to achieve this alignment. Improvements of this work were
presented in [9]. An integration with the BST technique was re-
ported in [10].

However, existing works deal with either deterministic or worst-
case forms of skew optimization. The statistic behavior of the skew
is not captured or utilized for design. The main contribution of
this paper is to propose a probabilistic method that minimizes the
number of skew violations given a set of skew permissible ranges
for sink pairs. To illustrate, first, we propose a statistical-centering
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approach in contrast to the corner-point approach in [8]. The mo-
ments of the skew distribution are employed to choose the ideal
center measure among the mean, median and mode. Our work in-
cludes a new delay computation mechanism that incorporates fitted
Elmore delay model [11] with analysis of variance (ANOVA) [12]
and principle component analysis (PCA) to take into consideration
correlations among width and thickness geometric parameters, re-
duce the number of uncertainties and thus simplify the delay for-
mulation. Second, to avoid a sub-optimal design and excessive vio-
lations due to one single critical pair comparison [8], we follow the
all pair critical pair comparison idea presented in [9] [10] and im-
pose a weight function based upon both path criticality and permis-
sible range criticality that assigns appropriate importance to every
sink pair. Finally, the current paper discusses a topology generation
algorithm which takes the width and thickness variation trend into
account. Two different variation situations are employed to demon-
strate the efficacy of the methods. On all the benchmark circuits,
a consistent improvement over existing approaches such as MinSV
and nearest neighbor algorithm (NNA) [3] is observed in terms of
skew violations and wirelength. The overall improvement is seen
to be in the range of 12%-37% for both variation profiles.

2. MOTIVATION AND OVERVIEW
In this work, we will consider the effect of process variations

during clock tree routing. In this scenario, the skew constraint re-
quires that a skew qi j between a pair of sinks i and j has to be
within the permissible range [Li j,Ui j]. In fact, this is the most fun-
damental timing constraint for synchronous circuits [13] and each
of the other forms of skew constraints is a subset of it. For a cir-
cuit with n clock sinks, we only need to specify permissible range
for n− 1 pairs of sinks based on timing analysis. The permissi-
ble ranges of the other pairs can be derived from the n− 1 basic
permissible ranges [13]. Besides the traditional objective on wire-
length, this work tries to minimize the chance of violating the skew
permissible ranges when process variations are considered.

One focus of this work is to find statistical layout embedding
techniques to minimize the chance of skew violations. Consider
the example in Figures 1 where subtree Ti and Tj are merged at
node v. Then, the location (or embedding) of v decides the skew
between the sinks of the two subtrees. For skew qlr between sink sl
and sr, its permissible range is indicated by a pair of vertical dashed
segments in Figures 1(b). Because of process variations, the skew
qlr is a random variable following certain probability distribution
as illustrated by the PDF (probability density function) curves in
Figures 1(b). When the location of v is changed, the PDF curve
shifts along horizontal (skew) axis. Our effort is aimed to find the
location (or merging segment) of an internal node (such as node
v) such that the overlapping area between the PDF curve and the
permissible range is maximized. This is demonstrated by moving
from the dashed PDF curve to the solid PDF curve in Figures 1(b).

The previous work of [8] estimates the worst case minimal skew
q

lr
and maximal skew qlr and attempts to align the center (q

lr
+

qlr)/2 of the skew range with the center of its permissible range.
This is illustrated in Figure 2(a). If the PDF of the skew is asym-
metric, which is by and large true, and the permissible range is
small, the alignment of [8] may leave a fat tail of PDF out of the
permissible range as indicated in Figure 2(b). In this case, the cen-
ter of the permissible range is better to be aligned close to the peak
probability, for example to the median as in Figure 2(c). If the
permissible range is relatively large, however, such alignment may
leave a long tail of PDF out of the permissible range on one side
while there is abundant slack on the other side like in Figure 2(d).
Therefore, a correct alignment depends on both the size of permis-
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Figure 1: (a) Merge subtree Ti and Tj at node v and consider
skew between sink sl and sr. (b) PDF curves of skew qlr when
location of v is changed.

sible range and the shape of PDF. A main contribution of this work
is the statistical centering based layout embedding technique which
can minimize the probability of skew violation for all of these sce-
narios which may occur in practice.

The details of this work will be described in Section 3, which
focuses on delay and variation models, and Section 4 which intro-
duces our statistical clock routing algorithm. In Section 3, basic de-
lay model (Section 3.1) and process variation models (Section 3.2)
will first be covered. Then, Section 3.3 will introduce concepts
of center measure which is an important basis of our work. Sec-
tion 3.4 will tell how to reduce the space of random variables so
that the statistical clock routing can be performed at practical run-
time. The algorithm part will start with a new method of handling
multiple permissible ranges (Section 4.1). Our statistical layout
embedding technique will be described in Section 4.2. A variation
aware abstract tree method will be proposed in Section 4.3.

3. DELAY AND VARIATION MODELS

3.1 Delay Model
Most of existing clock routing works [8–10] are based on the

Elmore delay model due to its simplicity. However, the Elmore
delay is sometimes inaccurate and we will use the fitted Elmore de-
lay (FED) [11] model which has better accuracy and still analytical
expression. Since FED is derived from the Elmore delay model,
we first describe the Elmore delay vs. process parameters. Con-
sidering the wire segment of length l with a driving resistance rd
(optional) at one end and a load capacitance cL at the other end, the
Elmore delay in terms of the wire width w and wire thickness t can
be written as:

dED = rdcalw+ rdc f l + rdcL +
ρcal2

2t
+

ρc f l2

2wt
+

ρlcL

tw
(1)

where ρ is the resistivity, the sheet resistance rs = ρ
t , ca the per unit

area capacitance and c f the per unit length fringing capacitance.
In the rest of the paper, di represents the delay, li the length, wi
the width, and ti the thickness of the edge connecting node i to its
parent. Similarly, cLi represents the load capacitance at node i.

Correspondingly, the fitted Elmore delay is defined as follows

dFED = Ardcalw+Brdc f l +CrdcL +D
ρcal2

2t
+E

ρc f l2

2wt
+F

ρlcL

tw
(2)

where the coefficients A, B, C, D, E and F are determined by a mul-
tiple linear regression to accurate delay data provided by simulators
like HSPICE. Here, the fitted Elmore delay model also includes
the wire thickness which is different from the original equations
in [11]. For a general tree, let T be the set of all tree edges. Let Ei

150



Median Median

(b)

Center of worst skew range

(d)(a) (c)

Skew permissible rangeSkew permissible range

Center of worst skew range

LL U U

Figure 2: Aligning center of skew range to the center of permissible range works fine when the permissible range is large as in (a),
but not well when the permissible range is small as in (b). Aligning to the median works better when the permissible range is small
as in (c), but not well when the permissible range is large as in (d).

be the set of tree edges at the downstream of edge i. Let S be the
set of all sinks. Let Si be the set of sinks at the downstream of edge
i. Let Pk be the set of tree edges along the path from the driver to
node k. So, for any node k, the fitted Elmore delay is

dFEDk = Ardca ∑
i∈T

liwi +Brdc f ∑
i∈T

li +Crd ∑
j∈S

cL j (3)

+ Dρca ∑
i∈Pk

li
witi

(
liwi

2
+ ∑

j∈Ei

l jw j)

+ Eρc f ∑
i∈Pk

li
witi

(
li
2

+ ∑
j∈Ei

l j)

+ Fρ ∑
i∈Pk

li
witi

( ∑
j∈Si

cL j)

3.2 Process Variation Model

Figure 3: Global variation of wire width.

In this work, variations from sink capacitance, wire width and
wire thickness are considered. The variation of ILD thickness can
included easily as it affects only wire capacitance. In general, wire
variations are more difficult to model than those of sink capaci-
tance because of the distributive nature of wires [6]. Therefore,
the description of variation model is emphasized on wire width and
thickness. It is stated in [6] that the random variations in the pa-
rameters can be decomposed into global and local variation terms
where the global component of variation has a relatively low spatial
frequency and simple models can be used to describe it. In general,
the global spatial variations and the local random variations can be
expressed together as,

w = wo + f (x,y)+δw t = to +g(x,y)+δt (4)

where wo and to represent the nominal values for width and thick-

ness, respectively. f (x,y) and g(x,y) model global spatial varia-
tions. δw and δt are random variables describing the local varia-
tions. Existing works [6] model the global spatial component by
a slant plane. However, an analysis of [14] indicates that the spa-
tial variations of wire across the chip are highly nonlinear. In this
work, f (x,y) and g(x,y) are modeled as slow changing functions
as in Figures 3 across the chip to reflect the observed non-linearity.
They also reflect spatial correlations among the variations. δw and
δt may be regarded as Gaussian distribution with mean 0 and stan-
dard deviation σ. Note that the proposed approach and algorithms
in the current paper do not require the Gaussian distribution as-
sumption. This point will be further explained in the later sections.
In general, combining impacts from both global and local varia-
tions, wire width and thickness displays behavior as shown in Fig-
ure 4.

Figure 4: Wire width across chip considering both global and
local variations.

3.3 Center Measures and Moments
Due to the nonlinearity of variation parameters, a number of

researchers [6, 15, 16] have confirmed that the skew may be non-
Gaussian distributed. That is, the skew distribution may not be
symmetric and thus cannot be easily modeled by just mean and
variance. In order to align the PDF of clock skew with its permis-
sible range (Section 2), other center measures such as median and
mode as well as higher order moments like skewness and kurtosis
may be needed to better describe the shape of the skew distribution.

The mean, median and mode are the center measures of a distri-
bution. The mean µ is the most commonly employed measure of
central tendency. It minimizes the L2 norm of the residuals. The
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median M, on the other hand, minimizes the sum of absolute de-
viations, or equivalently, the L1 norm of the residuals. The mode
is defined as the data value that has the maximum probability of
occurrence. Figure 5(d) displays the Mode, Median M and Mean µ
definitions. The three center measures are equal to each other when
f (x) is a Gaussian Distribution. Otherwise, Median is always be-
tween Mode and Mean. In the rest of the paper, the term CM (cen-
ter measure) is used to refer collectively to the mean, median and
mode.

The higher order moments provide information about the shape
and spread of the distribution. The variance is the second central
moment and it expresses the amount of spread of the distribution
(Figure 5(a)). The third central moment, i.e. the skewness ς, of a
random variable x describes the degree of symmetry in the density
function fX (x) and is defined as,

ς =
Z (

x−µx

σx

)3

fX (x)dx (5)

A positive and negative skewness value indicate a distribution skewed
to the right and left respectively as demonstrated in Figure 5(b).
The kurtosis is the fourth central moment and describes the relative
peakedness/flatness of a distribution. Figure 5(c) illustrates what
kurtosis looks like for different cases.

Figure 5: (a) Variance, (b) Skewness, (c) Kurtosis, and (d)
Mean, Median, Mode on an Asymmetric Distribution

The mean and variance of the skew in a subtree can be obtained
by propagation of the means and variances of the delays in the
subtrees. For a random variable y = g(x) (where x is a random
variable), the first order estimates of the mean and variance can be
obtained by Taylor series expansion as,

µY � g+
1
2
(

∂2g
∂x2 σ2

x) σ2
Y � (

∂g
∂x

)2σ2
x (6)

respectively, where the function g and its derivatives are evaluated
at x = µx [17]. Since the delay dFED is a function of the random
variables w, t, rd and cL, the mean and variance of the delay are
determined as,

µT � dFED|w=µw,t=µt ,rd=µrd
,cL=µcL

+
1
2
[(E

ρc f l2

t
+2F

ρlcL

t
)

1
µw

3

+(Dρcal2 +E
ρc f l2

w
+2F

ρlcL

w
)

1
µt

3 ]

σ2
T � (

∂dFED

∂rd
)2σ2

rd
+(

∂dFED

∂cL
)2σ2

cL
+(

∂dFED

∂w
)2σ2

w +(
∂dFED

∂t
)2σ2

t

Let µTil represent the mean and σ2
Til represent the variance of

the delay along the path Pil from i to the sink sl in its subtree.
Treating the individual variational sources as independent random
variables after OPCA (Orthogonal Principle Component Analysis)
procedure, we have,

µTil = ∑
k∈Pil

µTk σ2
Til = ∑

k∈Pil

σ2
Tk (7)

where µTk and σ2
Tk represent the mean and variance of the de-

lay for the edge connecting node k to its parent. Similar expres-
sions can be written for the path Pjr from j to sr. The mean and
variance of the skew between paths Pil and Pjr is denoted by µSlr

and σ2
Slr, respectively. Therefore, we have µSlr = µTil − µT jr and

σ2
Slr = σ2

Til +σ2
T jr.

From Equation (2), the edge-delay is the part of dFED with rd = 0
(not directly connected to driver). It is a monotonically decreasing
function in w and t and monotonically increasing function in cL.
The median of dFED (MT) can be determined in a straightforward
way and is given by,

MT = D
ρcal2

2Mt
+

Eρc f l2

2Mt Mw
+

FρMcL

MtMw
(8)

where Mw is the median of the width distribution, Mt median of the
height distribution and McL median of the load capacitance.

If MTil represents the median of the delay from internal node i
to the sink sl in its subtree (and MT jr the median of the delay from
j to sr), MTil = ∑k∈Pil

MTk where Pil denotes the path from i to sl
and MTk represents the delay of the edges on Pil . The error in es-
timating the median of a sum of random variables by the sum of
their medians is found to be a few percent at most. The reduction
in computational complexity when using these algebraic computa-
tions justifies the minor loss in accuracy. The median of the skew
between the sink pair (sl ,sr) in the constructed subtree can be ex-
pressed as the difference in the path delay medians along Pil and
Pjr i.e. MSlr = MTil −MT jr .

Unlike the mean and the median, the mode of a function of a ran-
dom variable cannot be expressed explicitly in terms of the function
parameters. An estimate of the mode can be determined by approx-
imating or fitting the delay distribution by a known distribution that
provides an analytic expression for the mode. The Weibull distri-
bution has this property. For our purposes, the Weibull distribution
has the added advantage that it can be used to fit both positively and
negatively skewed asymmetric distributions. The Weibull probabil-
ity density function is,

fW B(x) = αβ−αxα−1e−(x/β)α
(9)

We present the approach used for determining the parameters α
and β of the Weibull distribution (from [18]). The mean and the
variance of the Weibull distribution can be written as,

µW B = βΓ(1+θ)

σ2
W B = β2

(
Γ(1+2θ)−Γ2(1+θ)

)
(10)

where Γ represents the Gamma function and θ = 1/α is used for
convenience. After some derivation, we have,

Γ(1+2θ)
Γ2(1+θ)

=
σ2

Slr +µ2
Slr

µ2
Slr

(11)

Let r = (σ2
Slr +µ2

Slr)/(2µ2
Slr). The parameter θ (and therefore α)
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can be obtained by solving

r =
1
2

Γ(1+2θ)
Γ2(1+θ)

(12)

It is observed that θ exhibits an almost linear relationship with the
logarithm of r and therefore a lookup table approach gives quite ac-
curate results. Once θ is known, the parameter β can be determined
from Equation (10) as β = −m1/Γ(1 + θ). Given the mean and
variance of the distribution, the parameters α and β of the Weibull
distribution can be calculated as in [18]. Then, the mode is given
as,

Mode = α

√
α−1
β−αα

(13)

3.4 Random Variable Reduction Based on
ANOVA and OPCA

For a clock tree with hundreds of edges, which is a very common
size, the fitted Elmore delay may involve thousands of correlated
random variables. We introduce analysis of variance (ANOVA) [12]
and orthogonal principle component analysis (OPCA) to help cre-
ate independent parameters and reduce the number of uncertainties.

Given a function of multiple random variables, analysis of vari-
ance (ANOVA) is a hierarchical statistical approach to find out each
random variable’s significance on the function by using variance.
The variance (σ2) of the interconnect delay can be decomposed
into parts that attributed to each random variable σ2

delay = ∑i σ2
i .

Here the variance of the delay due to a particular random variable
is denoted as σ2

i . σi can be found by by keeping that random vari-
able constant and varying all other random variables. This is ac-
complished by integrating that random variable out of the model.
As ANOVA is a hierarchical approach, we can define random vari-
ables ξi as a function or combination of variational parameters. For
example, let ξi = rdcawi where rd , ca and wi are variational param-
eters. Because rd , ca and wi are random variables, so as to ξi. Thus
we can use random variables to represent terms in the delay model.
By reducing the number of random variables, we in fact reduce the
number of terms in the delay model dFED. To illustrate, assume
that dFEDk in Equation (3) has n terms. Let {ξ1,ξ2, · · · ,ξi, · · · ,ξn}
represent all the n random variables in Equation (3). The mean
response that gives the main effect of each random variable ξi is
defined as follows:

µ̂i(ξi) ≡
Z

. . .
Z

dFEDk(ξ1,ξ2, . . . ,ξn)dξ1 . . .dξi−1dξi+1 . . .dξn

(14)
Then the variance(σ̂2) due to variable ξi is σ̂2

i =
R
[µ̂(ξi)− µ]2dξi.

Here, µ is the mean of the delay. The proportion of variance due to
each random variable towards the total variance of the response is
used as a statistical significance parameter of that particular random
variable (or term) given by the ratio (refer as F-ratio) :

Fξi
=

R
[µ̂(ξi)−µ]2dξi

σ2 (15)

The higher F-ratio, the more importance the term. In the exper-
imental section, we demonstrate that ANOVA can reduce on the
average 40% terms in the fitted Elmore delay model.

The application of OPCA is similar as that in statistical timing
analysis [19] and the description is omitted here due to page limit.
With the large number of cross terms or correlations in the de-
lay model, OPCA alone can only reduce 10% of the parameters
as demonstrated in the experimental section. Thus, unlike the ex-
isting research where only OPCA is used, our work employs both
ANOVA and OPCA at the same time. OPCA can also eliminate

cross terms like witi or correlations among the random variables.
Without correlations, the central measures such as Mean, Median
and Mode have simpler formulas.

4. ALGORITHM

4.1 All-pair Centering
When we try to align the center measure of skew distribution

to the center of permissible range, there is a difficulty. That is,
there are often multiple sink pairs between the two subtrees we are
merging and it is not clear which sink pair to be aligned. Aligning
for a certain pair may leave another sink pair with large probability
of skew violation. The work of [8] solves this problem by aligning
a critical pair which have tight permissible range and are relatively
far apart from each other. However, this method cannot handle the
case where there are several sink pairs with similar criticality.

We propose an all-pair centering scheme which can capture an
overall skew and permissible range so that the weakness of previous
work is overcome. Consider to merge subtree Ti and Tj , with sink
set Si and S j , respectively. Before the merging, we first evaluate the
existing skew between them. That is, the skew between delay from
node i to sink l ∈ Si and delay from j to sink r ∈ S j . An overall
center measure for the skew between all pairs of sinks in Si and S j
is defined as:

CMsub =
∑l∈Si ∑r∈Sj

CMSlr
|PRlr|

∑l∈Si ∑r∈Sj
1

|PRlr|
(16)

where |PRlr| = Ulr − Llr is the size of the permissible range for
skew between sink sl and sr. This is a weighted average of center
measure of all pairs between Si and S j . The weight is inversely
proportional to the size of permissible range, i.e., a pair with tight
permissible range has a relatively large weight. Please note that
the complexity of determining CMsub is not greater than that of
choosing a single critical pair [8] since both approaches require to
go over/compare |Si| ∗ |S j| pairs.

The overall skew center measure, which is CMsub + qi j , will be
aligned to an overall center of permissible ranges for all pair of
sinks which is defined as:

PRsub =
∑l∈Si ∑r∈Sj

(Ulr+Llr)/2
|PRlr|

∑l∈Si ∑r∈Sj
1

|PRlr|
(17)

DEFINITION 1. The sensitivity of CMSpq (the center measure of
the skew) between a sink pair (sp,sq) to the center measure of an
edge delay CMTk is defined as Snpqk = ∂CMSpq/∂CMTk.

LEMMA 1. Given a sink pair (sp,sq), the All-Pair Centering
approach reduces Snpqk, ∀k ∈ {Pip}∩{Ti−Pil},{Pjq}∩{Tj −Pjr}
(where (sl ,sr) is the critical pair) over the critical pair approach.
Proof: Omitted due to page limit.

4.2 Statistical Centering Based Layout
Embedding

From Section 2, we know that the alignment between skew and
corresponding permissible range depends on both the shape of skew
PDF and the size of the permissible range. Here, we propose an
alignment scheme for different cases. Figure 6 provides a graphical
view of this scheme. In the following, ς represents the skewness, σ
the standard deviation and |PRlr| = Ulr −Llr. ε denotes the thresh-
old value for the skewness. If |ς| > ε, we consider the distribution
asymmetric.

CASE I. |ς| ≤ ε, ∀|PRlr|. The distribution is symmetric or almost
symmetric. Therefore, CMSlr = µSlr.

153



CASE II. |ς| > ε, |PRlr| > 5σ. The distribution can be easily
fit within the permissible range by aligning the mean. Therefore,
CMSlr = µSlr. Choosing the median or mode might lead to an ex-
cessive part of the distribution lying outside the permissible range.

CASE III. |ς| > ε, 2σ < |PRlr| < 5σ. The permissible range is
not large enough to fit the entire distribution and is not extremely
narrow either. As shown in Figure 6(c), CMSlr = MSlr is the best
choice in this case.

CASE IV. |ς| > ε, |PRlr| < 2σ. The permissible range represents
a very stringent constraint. Based on the previous discussion, we
choose CMSlr = ModeSlr to maximize the area within bounds.

Figure 6: (a) Mean (’µ’), Median (’M’) and Mode (’Mode’)
on an asymmetric distribution, (b) CASE II, (c) CASE III, (d)
CASE IV

Next, we describe statistical layout embedding based on the above
alignment strategy. Consider merging subtree Ti and Tj at node v.
Let the Manhattan distance between v and i ( j) be li (l j). An em-
bedding needs to find the value of li and l j such that the alignment
between skew and permissible range is achieved subject to the con-
straint of li + l j ≥ di j where di j is the Manhattan distance between
i and j. The case of li + l j > di j corresponds to wire snaking [1].

According to Section 4.1, we need to align the overall center
measure of skew (CMSv) to the overall permissible ranges PRsub
between all pairs of sinks Si and S j . The skew after the merging
at v includes two parts. One is the skew between delay from i to
sinks in Si and from j to sinks in S j , which is CMsub defined in
Section 4.1. The other is the skew qi j between i and j when the
embedding of v is finished:

qi j = Asli
2 +Bsli −Cs (18)

where
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ρ
2
[ca(
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ti
− D j

t j
)+c f (
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w jt j
)]li2 (19)
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1
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Either µSi j or MSi j is used for skew centering at node v. The
terms mean-centric design and median-centric design respectively
are used to refer to these approaches. Mode-centric design is not
presented because analytic design equations for the mode of the
skew are not available.

Since the lengths li and l j are yet to be decided and are not
known, the higher moments of qi j , i.e. the variance and the skew-

ness, cannot be evaluated in order to choose between the two ap-
proaches. Therefore, mean-centric design is carried out and the
moments of the resultant distribution are evaluated. If the skew-
ness ςµS of the distribution is high, median-centric design is carried
out. Mean-centric design and median-centric design are discussed
as follows.

4.2.1 Mean-Centric Design
For mean-centric design, CMSv (the center measure of the skew

at node v) is the sum of CMsub and the mean skew between from
v to its children i and j (µSi j). In order to align CMSv the overall
permissible range center PRsub, we have

µSi j = PRsub −CMsub (20)

where the RHS can be computed from subtree Ti and Tj and the
LHS is a function of li (or l j if wire snaking is necessary). There-
fore, the value of li can be decided by solving the above equation.
Using Equation (6) and Equation (18), the mean of the skew is de-
rived as,

µSi j = Aµl2
i +Bµli −Cµ (21)

where
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1
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with
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Likewise, we can derive Bµ and Cµ.
The solution to Equation (20) must lie in one of three ranges:

(i) 0 < li ≤ di j . In this case, l j = di j − li;
(ii) li > di j . Here, l j = 0. The appropriate value of li is obtained by
solving Equation (20).
(iii) li ≤ 0. In this case, li = 0. l j is obtained by solving Equation
(20).

4.2.2 Median-Centric Design
The median of the skew from v to nodes i and j is used to guide

the design of lengths li and l j. Similar as the case of mean-centric
design, the length li is then obtained by solving the equation

MSi j = PRsub−CMsub (24)

where MSi j = AsMl2
i +BsMli −CsM. The coefficients can be deter-

mined as
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ρ
2
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4.3 Variation Aware Abstract Tree Topology
Previous topology generation algorithms such as the popular near-

est neighbor algorithm (NNA) [3] ignore process variations when
designing the topology and therefore prove less tolerant to vari-
ations. We propose an algorithm that takes the global variation
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Number Mean delay Delay Variation Number of Error% of ANOVA
of (ps) (ps) Spice Runs

segments MC OPCA ANOVA MC OPCA ANOVA MC OPCA ANOVA µ σ
12 40.06 39.92 40.11 3.59 3.45 3.63 10000 45 38 0.12 1.11
24 163.67 163.94 164.04 9.24 9.37 9.42 15000 153 86 0.22 1.94
48 496.36 496.66 494.62 26.59 26.36 27.16 20000 561 261 0.35 2.15

196 1616.29 1617.15 1625.82 43.45 42.81 44.86 25000 2145 912 0.59 3.26

Table 1: Comparison of Monte Carlo(MC), OPCA and ANOV+OPCA results.

information into account, thereby increasing the tolerance to such
variations. When choosing subtrees for merging, we consider the
global (spatial) variations at the roots of subtrees in addition to the
distance between the roots. The skew introduced between the pair
of nodes (i, j) by the embedding of their parent node v is given by
Equation (18). In Equation (18), only the first term contains the
difference of the widths and thickness and can be used for judging
pairs of nodes. Since li is unknown before we choose the node pair,
the following observation enables the use of di j as an estimate of li.

LEMMA 2. The length l being designed is positive dependent on
the distance di j between the nodes.
Proof: The observation results directly from an analysis of Equa-
tion (18). From the equation, it is easily derived that the depen-
dence of l on di j is of the form,

∂l = f (di j)∂di j (26)

with f (·) being positive for all values of di j > 0, li < di j , thereby
proving the result. Note that the statement holds equally for both
lengths li and l j.

Based on LEMMA 2, we choose the subtree pair Ti and Tj with
the minimal composite distance defined as

d′
i j = d2

i j

(
λ+

∣∣∣∣ 1
wi

− 1
w j

∣∣∣∣
)

(27)

Notice that here we demonstrate only the width variation. The same
strategy can be used for any other variation sources. This criterion
will choose a pair with similar wire width besides close distance.
The constant λ is virtually a weighting factor for the distance and its
value is chosen empirically. At a step when there are |K| subtrees,
|K|/2 pairs with the minimal d′ are selected to be merged [3].

4.4 Algorithm Complexity
The worst-case time complexity of the abstract topology genera-

tion is O(n3), while that of embedding the topology through merg-
ing segment construction is O(n2log2n), where n is the number of
clock sinks. The proof is omitted due to page limit.

5. EXPERIMENTAL RESULTS
The proposed algorithms were implemented in ANSI C on a

Windows machine with 2.4GHz Pentium 4 processor and 256MB
memory. The algorithms were tested on benchmarks (i) r1-r5
[IBM benchmarks], (ii) Primary1 and Primary2 [MCNC bench-
marks], and (iii) s1423, s5378 and s15850 [ISCAS89 bench-
marks]. All benchmarks were downloaded from the GSRC book-
shelf (http://vlsicad.ucsd.edu/GSRC/bookshelf/Slots/BST/). The
resistance of the wire per unit length is taken as 0.0042/wΩ, the per
unit area capacitance and fringing capacitance are 3.18e-6pF. The
skewness threshold is chosen empirically as ε = 0.1. The relative
widths across the chip can be obtained from the variation profile,
which is assumed to be known. The factor |1/wi −1/w j| in Equa-
tion (27) lies in the range [0,5] for typical values of widths wi and
w j . A small value of λ results in excessive increase in wirelength

(and consequently, the number of violations). On the other hand, a
high value of λ would result in swamping |1/wi −1/w j|. A choice
of λ = 10 in the merging criterion is seen to produce good results.
The permissible ranges for sink pairs are generated randomly such
that L < 0 < U holds. The permissible ranges are not necessarily
symmetric with respect to zero i.e., L +U = 0 is not always true
though the values |L| and |U | are close to each other in most cases.

In the first part of the experiment, we tested the effectiveness of
using ANOVA and OPCA for random variable reduction. The re-
sults are shown in Table 1. The comparison is done among Monte
Carlo (MC) approach, OPCA reduction only approach (denoted
as OPCA in the Table) and ANOVA together with OPCA reduc-
tion approach (represented as ANOVA in the Table). We compare
the mean delay, delay variation, and reduction result (displayed as
number of SPICE runs to fit the model). It is obvious that the more
reduction we have, the less number of terms in the delay model we
have and the less number of SPICE runs needed to fit the coeffi-
cients.

In the second part of the experiment, we compare our NEW sta-
tistical clock routing method with the MinSV [8] based on the ab-
stract topology of nearest neighbor algorithm (NNA) [3]. We ex-
tend the NNA+MinSV method to incorporate the non-linear global
wire variation across the chip. The comparison is made on two
different global variation profiles. Profile 1 is the radial variation
model described in [6]. Profile 2 is based on a real case which
is depicted in Figure 3. On each of the benchmarks, 500-1000
Monte Carlo simulations were carried out. The average results are
tabulated in Tables 2. One can see that our NEW method can re-
duce the number of skew violations by 12%−37% compared to the
NNA+MinSV approach. Figure 7 plots the probability densities of
the number of violations for NNA+MinSV and our NEW method.
From the histograms, it is seen that the upper bound on the number
of violations for the proposed approach is less than the lower bound
on the number of violations for NNA+MinSV. Though this may
not always be the case, our algorithm outperforms NNA+MinSV
consistently in the number the average violations. The CPU time
reports in Table 3 verify the observations made about relative algo-
rithm complexity in the previous section.

6. CONCLUSION AND FUTURE WORK
We have proposed new probabilistic algorithms for maximizing

the tolerance of clock skew to process variations. Both the topol-
ogy generation phase and the layout embedding phase have been
addressed in the proposed algorithms. The number of skew viola-
tions for the tested benchmark circuits is lowered significantly in
comparison to existing works, while a non-negligible wirelength
decrease is also observed for most circuits. In addition, we have
considered the fringing capacitance in the design of the clock tree
and this is, to our knowledge, the first attempt to do so.

The insertion of buffers in the clock tree would lead to additional
variation sources. In the future, we intend to extend the proposed
method to incorporate the probabilistic effects of buffer-insertion
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Profile1 Profile2
wirelength(µm) #skew violations wirelength(µm) #skew violations

NNA+MinSV NEW Imprv NNA+MinSV NEW Imprv NNA+MinSV NEW Imprv NNA+MinSV NEW Imprv
r1 137848 127364 8% 74 61 17% 135012 131155 3% 53 42 21%
r2 292006 257338 12% 218 140 36% 286685 262892 8% 163 102 37%
r3 339958 322035 5% 246 194 21% 347469 329361 5% 173 138 20%
r4 695116 657460 5% 358 287 20% 691496 664143 4% 240 196 18%
r5 1034488 983639 5% 501 363 28% 1036414 986358 5% 351 272 22%

Prim1 134045 131013 2% 42 37 12% 135352 132238 2% 32 27 16%
Prim2 352054 308380 12% 155 97 37% 328610 312532 5% 118 94 20%
s1423 110625 104935 5% 26 20 23% 109588 108727 0% 19 16 16%
s5378 221017 169052 23% 75 56 25% 174745 170404 2% 50 44 12%

s15850 446656 431137 3% 226 199 12% 445104 437260 2% 174 145 17%

Table 2: Averaged results for global variation Profile 1 and 2.

Figure 7: Histogram of the number of skew violations for
Benchmark r2 (Monte Carlo Simulations Using Profile2)

and wire-sizing in the clock tree and thereby make the clock tree
more robust to process variations. The use of a higher order delay
model and consideration of practical issues like multi-layer clock
routing handling the various inter-layer parasitics, will also be ex-
plored in our future research.
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