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HIDDEN TRUNCATION MODELS
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SUMMARY. Suppose (X,Y) has a k + 1 dimensional normal distribution. Consider the
conditional distribution of X given Y > yg, for some fixed value ypeR. Such hidden truncation
models provide a flexible family of skewed alternatives to the classical k£ dimensional normal
distribution. Distributional properties of these models are investigated. Non-normal variants of
the distribution are also discussed as are multiple hidden truncation models. A specific example

involving a skewed bivariate data set (heights and weights of athletes) is analysed in detail.
1. Introduction

Skewed multivariate distributions can arise in situations in which the observed
variables represent a sample that has been truncated with respect to some hidden
covariable. An example which readily comes to mind would involve the distribution
of weights of police officers who have been selected only if they meet a minimal
height requirement. In general one might expect a bivariate normal distribution of
heights and weights. However the distribution of weights of above average height
individuals will be a skewed non-normal distribution. The density function of such
hidden trunctation models, was discussed in some detail in Arnold et al. (1993)
and in Azzalini (1986). The special case in which observations are retained only if
they are above average with respect to the hidden variable was discussed also by
Azzalini (1985). After location and scale transformations the Azzalini skew-normal
density assumes the form

flx; N) =20(x)®(A\z), zeR ... (L.1)
where ¢ and ® denote the standard normal density and distribution function and
A e R is a “skewness” parameter. Recently Azzalini and Dalla Valle (1996) have

introduced a multivariate extension of the model (1.1). After a linear transformation
the basic Azzalini-Dalla Valle k-dimensional distribution takes the form

k k
flx; ) =2 H@(sz) o Z)‘ixi , zeRF. ... (1.2)
i=1 i=1
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Here ) is a k-dimensional skewness parameter vector. The model (1.2) will, as we
shall see, be equivalent to the one in which, beginning with a (k + 1) dimensional
normal random vector (X,Y’) we retain observations iff their ¥ values are above
average. The distribution (1.2) thus is a natural extension of the univariate distri-
bution (1.1). However, it is more likely that the truncation on the hidden variable
Y will be at a level not equal to its mean. It is natural to seek a multivariate exten-
sion of the Arnold et al. (1993) univariate model which allowed general truncation
with respect to the hidden variable. As we shall see, the end result of this exercise
is a k-dimensional density which is closely related to (1.2) but has one additional
“skewness” parameter. After affine transformations the joint density is of the form

(x5 20, A) [Hg&xl /\O—I—Z)\xz/@( 1+)\ > xeR. ...(1.3)

Distributional properties of this family of distributions will be discussed in section 4.

It is possible to consider variants of the hidden truncation model (1.3). One
might consider cases in which truncation involves more than one hidden variable
attaining an acceptable threshhold value, instead of just one (e.g. sitting and stand-
ing height instead of just height for our police officers). Such multiple constraint
models are discussed briefly in section 6. A second variation involves the use of a
non-normal density ¥; and a non-normal distribution W5 in place of the standard
normal ¢ and ® in the development leading to (1.3). Some results in this direc-
tion, focussing on extensions of Azzalini and Dalla Valle’s model (1.2), have been
described in Arnold and Beaver (1997a). Section 5 of the present paper deals with
non-normal extensions of the model (1.3) with special attention paid to the skewed
Cauchy case. In section 7, we reevaluate the Australian athletes data, previously
fitted by Azzalini and Dalla Valle using a model based on (1.2). The additional
skewness parameter present in (1.3) will be shown to lead to a somewhat improved
fit of the data. The suggestion is that the hidden truncation for the Australian
athletes involved some other threshhold for the hidden variable than just “above
average”.

We will begin with a brief review of the one dimensional normal case, discussed
in detail in Azzalini (1985, 1986), Cartinhour (1990) and Arnold et al. (1993).

2. Univariate Hidden Truncation Normal Models

We begin with (X,Y") having a bivariate normal distribution with mean vector
(11, 42) and variance-covariance matrix (O‘ij)?fl,jzl. We then set Z = X condi-
tional on Y > a. Azzalini (1985) considered the case in which a = py-, while Arnold
et al. (1993) considered the more general case. Integration (for details see Arnold

et al. (1993)) yields
fa(2) = Lo ( Ul’”) @)
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where
pw—a
P(w) (2557 )
®(—a) ’

g(w) = ...(2.2)
p denotes the correlation in the original (untruncated) population and a = “7£2=.
The parameters p and « control the skewness in the basic density g(w).

For purposes of highlighting the relationship between the density (2.2) and Az-
zalini’s (1985) skew-normal density it is convenient to reparameterize as follows:

Ao = —a/+y/1— p? ...(2.3)
A =p//1—p2. .. (2.4)

Both \g and \; can assume any real value. In terms of these parameters, our basic
hidden truncation density is given by

V1+ A2

Azzalini (1985) mentions a density essentially equivalent to (2.5) in a Bayesian
context. (See his equation (9)). An alternative (equivalent) formulation of the
hidden truncation model (2.5) is available. Begin with W, U ii.d. N(0,1) random
variables and consider the conditional distribution of W given A = {X\o+MW > U}.

However P(A) = ®( \/%) It follows that

Fw; Ao, A1) = @(w) P (Ao + /\1w)/d> <A°> . ... (2.5)

Ao+ A w
fuv a1 200 Ar) = () / o (u)du/ P(4)

— 00

which is precisely (2.5).

In the case where a = py in (2.2), equivalently when Ag = 0 in (2.5), an
alternative stochastic model for (2.5) is possible. (See e.g. Azzalini (1986), Azzalini
and Dalla Valle (1996)). If we begin with Y and Y7 i.i.d. N(0,1) and define

W = 68|Yo| + V1 - 0%V ... (2.6)

for de(—1,1) then the density of W is given by (2.5) with A\g = 0 and A\, = J%T'
We have been unable to formulate an extension of the model (2.6) which will lead
to the model (2.5) with non-zero values of \o.

With different notation the moment generating function of the basic skew-normal
density can be found in Arnold et al. (1993) and in Chou and Owen (1984). If we
denote the moment generating function corresponding to (2.5) by M(t) we may
write

M(t) _ /_OO etw(p(w>q)()\0 + )\1’(1))/@ <\/1)\_|0_7)\2> dw
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2 > A
et/Q/ w— )P\ + \w) /& [ —22— | dw
_OOSO( ) (0 1 )/ m

) ) A
=W- = /2 70
[set v=w-t] e /_Oo e(v)®(Ao + Mt + )\11))/<I> ( = )\%) dv

consequently

2 Ao + At Ao
M) =eo | ) Jo | = | . (27
0 <~/1+/\§ / V14 M @7
If W has density (2.5), its moments can be obtained by differentation of the moment
generating function (2.7). For example, with 69 = Ao/\/1+ A%,01 = A1 /y/1+ A%,
and w(ao) = (,0((50)/@((50),
E(W) = 19(do) ...(2.8)
and
var(W) =1- 606%¢(50) — 5%%2(50) . PN (29)
The third standardized cumulant is

_ (98 = 1)03u(d0) — 380032 (80) + 2034 (30) (2.10)
"o (1 — 3002¢)(80) — 6242(8p))3/2 (2.

For any fixed value of Ao, when |A\;| — oo (i.e. when |p| — 1),0p — 0 and §; — 1 and

v — sz’gn(él)\/g(% —1)/(1—2)3/2 which has a maximum of approximately .995 as
reported in Azzalini (1986). To obtain higher moments, the recursive relationship
among the moments documented in Arnold et al. (1993) may be useful.

3.  Non-normal Univariate Models

Recall that one formulation of the skew-normal distribution began with W, U
iid. N(0,1) random variables and considered the conditional distribution of W
given A\g + MW > U. In the case Ao = 0, Arnold and Beaver (1997a) and others
suggested models in which U and W had non-normal distributions. Such models can
be considered for the case Ag # 0 also. Assume that W, U are independent random
variables with corresponding density (distribution) functions ;(¥;) and ¥s(¥2)
respectively. Again consider the conditional distribution of W given Ao+ W > U.
The density of W is given by

flw, Ao, A1) = Y1(w)Wa (Ao + Miw)/P(Xg + MW > U) . ...(3.1)

The term in the denominator will be generally difficult to evaluate except in special
circumstances. Arnold and Beaver (1997a) focussed on the case where Ay = 0 and
where both ¥; and ¥s were symmetric about zero. In this case the denominator
simplifies to 1/2 and the density assumes the form

f(w; A1) = 2¢1 (w) P2 (Mw) ... (3.2)
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a close parallel to Azzalini’s skew-normal density (1.1). When A\g # 0, in order that
the denominator in (3.1) be computable, it is necessary that U — A; W have a “nice”
distribution. This will be the case if U, W are independent stable random variables
of the same type (for then U — A\ W will also be stable of the same type). The normal
case and the Cauchy case (discussed in Arnold and Beaver (1997b)) are the prime
examples. Non-stable tractable cases do exist. One could allow 17 and 15 to be
exponential or Laplace densities. (See Balakrishnan and Ambagaspitiye (1994) who
considered the skewed Laplace density.) In order to preserve the rationale for calling
these skewed distributions, it is reasonable to restrict ¢ to be symmetric (though
(3.1) makes sense without this restriction), however 15 need not be restricted to be
symmetric.

4.  Multivariate Hidden Truncation Normal Models

The basic scenario involves a (k + 1) dimensional normal random vector
(X1,..., Xk, Y) with a general covariance structure. We then set Z = X condi-
tional on Y > a. Azzalini and Dalla Valle (1996) consider the case a = py. Here
we allow a to be arbitrary. After an affine transformation the distribution of Z can
be formulated as one obtained as follows (cf. Section 2). Begin with Wy,..., Wy, U
ii.d. N(0,1) random variables and consider the conditional distribution of W given
that \g + A'lw > U where \geR and AleRk. The formulation is advantageous
since, using it, the form of the resulting distribution is easily found. Note that the
conditional density of (W,U) given A = {\g + MW > U} is

K
fwwia(w,w) o [T ewi)ep(@)I(ho + Mw > u) . - (41)

i=1
If we then integrate with respect to u we get

k
fwia(w) = [T ewi)@(ho + Xw)/P(A) . - (42)

i=1

However,

L
VI+AN

since U —A\]W ~ N(0,14+)}};). Thus the k-dimensional hidden truncation density
analogous to (2.5) is given by

P(A) = P(U - MW < Xg) = &( )

k
Pl o, Ay) = [T (@00 + M) /(22

bl VI AN

The Azzalini and Dalla Valle (1996) k-dimensional density is an affine transforma-
tion of (4.3) under the assumption that Ao = 0 (in which case the denominator in

). ..(4.3)
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(4.3) takes on the value 1/2). Thus the basic Azzalini and Dalla Valle distribution

is of the form
k

Flw;0,0) = 2(] [ (wi)@(Xw) . L (44)

i=1

The family of distributions (4.4) clearly has marginals of the same type. As shown
below, the larger family (4.3) has marginals and conditionals of the same type.

One way to determine the nature of the marginal distributions of (4.3) is to
first identify the moment generating function corresponding to (4.3). We argue as
follows:

M(t) o / /R 2] ] o (ui)@(No + Nw)du

i:l

k
= t't/2 i — )]\ + Nw)du
//m,H Oo + 20)

k
[set vi:ui—ti] = tt/Q//k >\O+/\ t—}—)qU)dQ
R

eé’z/zq)( >\0 +A1ﬁ

V1+ A

Since M (0) = 1, the missing normalizing constant is 1/P(A), yielding the moment
generating function in the form

).

!

V1I+ AN (\/14‘&/1&1

To get the moment generating function of a k; dimensional marginal of the distri-
bution (4.3), i.e. of w where W = (W,W) has been partitioned into subvectors of
dimension k; and k — k1, we need only to similarly partition t = (L,L) and set t =
0 in (4.5). It is then obvious that the marginal m.g.f. of W is of the same form as
(4.5) (though now of dimension k).

There is an alternative argument available to justify our claim that the marginals
of the density (4.3) are of the same type. As before we will use our dot-double
dot notation for partitioning vectors. To get the marginal density of the first kq
coordinates of (4.3) we Want the conditional density of W glven Ao+ MW > U, ie.
given Ag + Alw >U — Alw. But the random variable U — Alw ~ N(0,1+ Algl)
so that our conditioning event can be written as

M(t) = et't/2®( .. (4.5)

AW ~

\/1+)\ A \/1+)\ b 7

where V is N (0,1) and is independent of W. Then the k;-dimensional marginal is
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of the form

k1 A
fw) = o s ‘/HMl \/HXI&) ... (4.6)

( 1+A,1£1)

By analogous arguments, the marginal density of the last & — k; coordinates of W
n (4.3) is

k A0
iy - e i View) )

pvesow
and consequently the conditional density of W given W = 1 is (taking the ratio of
(4.3) and (4.7))

T, o (wi)] (Ao + Apti + Apair)
P L&Q) '

VIHALA

Thus all conditionals as well as all marginals of the density (4.3) are of the same
type.

When the (k+1) dimensional normal random vector (X7, ..., X, Y) has a mean
1 and covariance matrix ¥ > 0, both the marginal and conditional distributions
belong to the same family of multivariate skewed normal distributions. Beginning
with (4.3), consider the transformation W = %2 (X — p) to find that

fw]w) =

.. (4.8)

1 o & 1
fx(x O<eXp<—x—u’Elx—u)><<I> Y2 (z—p
x(2) e e e | e ey )
... (4.9)
with dp = Ao/v/1+ A2, and §; = A;/+/1+AjA1. Now consider partitioning
2/ = (2',%") with a corresponding partition of ¥ and );. Using the moment-
generating function, the marginals are of the form
wr
. 1. e/ - 4 ) L. .
fé(g) X exp <—2(x — H)12221(£ _ u)) x P 0“/ — + =1 — S0 (& — H)
Vi85 J1-54,
L (4.10)
The conditional density of X|X is
- . .. - S e
F @) x exp (=52~ AE)(En — S Do) @~ i) )
do 1 1
P YXr(z— ... (411
(s g e o
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for u(%) = fi, — 19X (& — ji). In the second term in (4.11), partition the k x k
matrix X2 as [(Z_%)(l), (Z_%)(g)] where (E_%)(l) and (Z_%)(z) are of dimensions
k x k1 and k X ko, respectively. This term can be written as

50 511 —1 .
o PR PN
(\/15'151 \/1,51@1( )2) (& — i)

Y 1 _ 1 _ 1.
7171 5/5(2_%)(1)(211 — 2122221221)% x (211 — 212555 Yo1) é(z—g) ,
— 01
. (412)
which is of the same form with 79 = §o(Z) and 7, = §; (&) where
70 do 5 _1 -
= + X2 T — i ... (4.13
\/1 —T1T, \/1 — 010, \/1 - Qlléll ( )(2)( *) ( )
and ) 5
71 91 1 —1 1
= Y2 Y11 — 212205 201)2 . ...(4.14
Stz W _é,lél( (1) (X11 — T12355 X91) (4.14)

Therefore, the family of multivariate skewed normal distributions (4.9) is closed
under marginalization and conditioning.

Moments of the distribution (4.3) and of its conditional distributions are ob-
tained by differentiating the moment generating function or by differentiating the
logarithm of the moment generating function. From (4.5), we have

Ao + At
VI+AN

Differentiating with respect to ¢; and setting ¢ = 0 yields

k
log M(t) = 7 + log ®( ) —¢
i=1

A ‘P(ﬁ)
E(W,) = L YAh ... (4.15)
V1+AA (m)

Further differentiation yields the variances and covariances.

ALidj [ Ao g
(L4+XA) 1T+ M),

where 9;; is the Kronecker delta symbol and where

COU(Wiv W]) = 6ij - ()‘07AI) + 92(>‘07AI)] s (416)

9(Aos Ay) ). ..(4.17)

Ao Ao
= @
A +A’1A1)/ N

Naturally, considerable simplification occurs when Ay = 0, in which case the
expression in (4.17) simplifies to \/g
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Azzalini and Dalla Valle (1996) remark that in the case A\g = 0, Zle W2 has
a x% distribution. This can be confirmed by considering the moment generating

function of Zle W2 in the general case where W has density given by (4.3). We

find
Xo+Aw )

. k (===
A Wi = [ e Vi
B( = [ [ T o TR

o+(1-20)"/* N v

b )
i = (1—-20"2w] =(1 —Qt)—k/z/.../ nee eV,
Rk @(70)
= THALA,

= (1—2t)7F/2%(

T’Q / \/1+>\’A1
t

k/2

This reduces to the x? moment generating function ((1—2t)~*/2 only when Ao = 0.

In general, then, Zle W2 will not have a X% distribution.
5. Non-normal Multivariate Models

If we dispense with the assumption that the basic random variables W7, Wa, ...,
Wy, U, discussed in the last section, are normal then we can expect to encounter
new kinds of skewed multivariate distributions. In full generality we consider the
case where W1, W, ..., Wy and U are independent random variables with densities
(distributions) given by ¥1(¥1), w2 (¥a), ..., ¥ (Vk), ¥o(¥o) respectively. We then
consider the conditional distribution of W given that A\g+A}W > U, as before, where
AoeR and M\eRF. The conditional density of (W, U) given A = {\g + MW > U} is
of the form

fwuia(w, ) H¢z (wi)]tpo(u)I(No + Ajw > u) . - (5.1)
i=1

Integrating with respect to u yields

k

fwia(w) = [[ vi(wi)]®o(Xo + Nw)/P(A) . - (5.2)

=1

As in the univariate case, the evaluation of P(A) can be troublesome. An exception
occurs if Ag = 0 and if each of the densities i1, ..., ¥k, Yo is symmetric. For in that
case U — \'W is a symmetric random variable and P(A) = 1/2. This leads to the
multivariate version of (3.2) namely

k
Fw) = 2[] [ i (wi)] oM w) ...(5.3)

i=1
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where 11, ..., 1y are symmetric densities and ¥ is a symmetric distribution func-
tion. The Azzalini and Dalla Valle (1996) k-variate skew-normal distribution (4.4)
is of the form (5.3) with 1 = ¥ = ... = ¥ = ¥y = ¢, the standard normal
density. By choosing the %;’s in (5.3) to be identical but not normal, leads to
natural analogs of the density (4.4) which respectively can be called skew-Cauchy,
skew-Laplace, skew-logistic, etc.

If \p # 0 in (5.2), then computation of P(A) can rarely be accomplished. An
important exception occurs when each of the densities of Wi, W5, ..., Wy and U
are stable (and of the same type). For then, U — MW will also have a stable
distribution. The normal case is a natural example. So also is the Cauchy. For the
basic k-variate skew-Cauchy distribution we begin with Wy, Ws, ... , W, U i.i.d.
standard Cauchy (0, 1) random variables and consider the conditional distribution
of W given A\g + MW > U. Since U =\ W ~ C(0,1+ Zle |A1:]), we obtain, using
(5.2), the density

k

/ * A
flw) = [g Y™ (wi) ] 8 (Ao + Ajw) /¥ (Wilp\m) . (5.4)
where )
P (w) = At w?)’ weR
and

1
2
the standard Cauchy density and distribution respectively. For more detailed dis-
cussion of the skew-Cauchy density (5.4) see Arnold and Beaver (1997b). Note that
the skew-Cauchy density (5.4) has all marginals and conditionals in the same family
(a parallel to the situation encountered with the skew-normal density (4.3)).

1
U*(w) + ;Tcm_l(w)7 weR

6. Multiple Constraint Models

In addition to the example of weights of police officers selected on standing and
sitting heights, we can also consider situations such as admission to a Graduate
School which is contingent upon an applicant’s GPA and GRE scores (V = verbal,
Q = quantitative, A = analytical). With W; = GPA, W, =V, W3 = Q and
W, = A, unconditional admission may require that Wy > 3.2, Wy + W3 > 1100
and Wy + W3 + W4 > 1800. Hence we are led to consider multiple constraint
extensions of the hidden truncation models introduced in Sections 2-5. The normal
multiple constraint model will be most tractable but there is no reason not to begin
with a more general model involving non-normal, not necessarily identical basic
distributions (analogous to the cases in Section 5).

Thus we begin with k + ¢ independent random variables Wi, Wy, ..., Wy,
Uy,Us,...,Up;. Then we consider the conditional distribution of W given that for



HIDDEN TRUNCATION MODELS 33

ji=1,2,...,4, )\g]) + Agj)w > U;. We will denote the density (distribution) func-
tions of the W;’s by 1;(¥;) respectively and the density (distribution) functions of
the U;’s by 1;](\11]) respectively. Note that we allow the possibility that the k + ¢
distributions will be distinct; though we may expect to encounter some simplifica-
tion in cases where they are more homogeneous in type (e.g. if all are normal). For

notational convenience we define events A;,7 =1,2,...,¢ by
A= +AVW > Uy} ... (6.1)

Now we first consider the conditional density of (W,U) given A* = ﬂ?zlAj, ie.

[TTs s )TTmy  (o)IT TOS + 2w > wy))

fw vja-(w, u) =

P(ﬂﬁ-:lflg‘)
..(6.2)
Next, integrate out u to get the desired conditional density
k ¢ (4) (3
fE‘A* (w) — [HZ—l 1/} ( )] Hj_l ]( 0 1 ) . o (63)

P(N5_14j)

As in the single constraint case, it is the denominator in (6.3) which generally will
be difficult to deal with.

_ One case in which the denominator is computable is that in which all the ¢;’s and
¥;’s are standard normal (denoted as usual by ¢) and where the skewness vectors

Agj),j = 1,2,...,¢ are mutually orthogonal. In such a setting it is clear that the

A;’s (defined in (6.1)) are independent events. Thus if the Agj )%s are orthogonal and
the basic densities are normal we have

15, ()] T, @A + AP w)

Jwia-(w) = o . ...(6.4)
[ (=)
j= /1420 20
Even more simplification will be encountered if )\E)j) =0,7=1,2,...,¢. In such a
case
k 4 N
fuwia- @) = 25 Tolw)] T[T 20 w) ... (6.5)
i=1 j=1

recognizable as a natural extension of the Azzalini and Dalla Valle k-variate skew
normal density (4.4).

7. The Australian Athletes Revisited

In this section, we shall use the data set reported by Cook and Weisberg (1994),
concerning thirteen variables measured on 202 athletes at the Australian Institute
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of Sport, courtesy of Richard Telford and Ross Cunningham. We shall consider
the person’s height and weight, denoted by (H,W) as the pair of variables to be
analyzed using a model based upon (1.3) in which (1.3) is given in terms of the

transformed variables z. Here u = 2_1/2@ — ) with

6, 0
—12 _ | 1 02
s 0] )

The parameterization in (7.1), which was used for computational simplicity,
reflects the natural parameterization in an exponential family of distributions. The
method of maximum likelihood was implemented using the Matlab minimization
routine. Values obtained using a genetic algorithm and simulated annealing were
used as starting values for the Matlab routine. The maximum likelihood estimates
together with the value of the loglikelihood for the 5- and 7- parameter distributions
based upon the bivariate normal are given in Table 1.

Table 1. THE LOGLIKELIHOOD AND PARAMETER ESTIMATES
FOR 5, 7 AND 8 PARAMETER MODELS

Models
Parameters
Estimated 5-parameter  7-parameter 8-parameter

Ao - - -4.2050
A1 - -.8617 -.9816
A2 - 3.1181 3.8888
ni 180.10 178.34 176.92
©o 75.01 63.39 46.09
01 .1541 1375 .1281
02 -.0586 -.0381 -.0264
03 .0993 .0678 .0523

Loglikelihood -1468.85 -1453.75 -1451.75

In testing whether the 7-parameter model produces a better fit than the 5-
parameter model, the likelihood ratio statistic, A = f(z : 5\0,5\1,[1,@)/]‘(1 : ﬂ,é)
produced a value of —2in(A) = —2[(—1468.85) — (1453.75)] = 30.20, which when
compared to critical values of a y2-distribution with 2 degrees of freedom has a
p-value < .0001. Hence, the 7-parameter model produces a significantly better fit.

The results of an analysis of the data based upon an 8-parameter model as in
(1.3) in which an additional truncation parameter, Ao, is included are also given in
Table 1.

Assessing the fit of the 8-parameter model compared to the 7-parameter model
produced a value of minus twice the log of the likelihood ratio statistic equal to
4.00. When compared to the critical values of a x? distribution with one degree
of freedom the likelihood-ratio statistic produced .01 < p-value < .05, indicating
that the additional truncation parameter is significant. In both cases, it appears
that the data have come from a distribution in which hidden truncation was used
in data collection.

Acknowledgements. The authors would like to thank Mark E. Lehr for his role
in analyzing the data. The genetic algorithm and the simulated annealing routines
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