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Abstract– In this paper, we present a new decoupled model
for two coupled transmission lines with consideration of the in-
ductive effect. It maps two coupled lines into two completely
isolated lines with separated drivers and receivers, and has no
loss of accuracy during the decoupling procedure. Further,
we derive a closed-form time domain response for an isolated
transmission line using a one-segment

�������
model. Com-

bining the two models, we have an analytical time-domain solu-
tion to two coupled transmission lines. The model gives satisfied
results for up to 5000�
	 -long lines when compared to SPICE
simulation over an accurate distributed RLC circuit model, and
can be used to model on-chip wires in the layout design, logic
synthesis and high level design.

1 Introduction

For integrated circuits in the deep submicron (DSM) tech-
nology, interconnects play an important role in determining
the performance and signal integrity [1, 2]. An efficient on-
chip interconnect model is critical to interconnect optimiza-
tion at high-level design, logic synthesis and physical design,
as circuit simulation is overkill or not affordable at these de-
sign stages. Closed-form formulas are particularly efficient
and effective for these design stages. Previous work includes
formulas for the delay [5, 15, 10], and formulas for the time-
domain response [6, 11, 12]. The interconnect inductance is
considered in [10, 6, 12], but not in [5, 15, 11].

All above methods consider only one isolated wire and
ignore the coupling effect from neighboring wires. In DSM
designs, the wire thickness is often larger than the wire width,
and the spacing between adjacent wires is often smaller than
the distance between adjacent metal layers. This makes the
coupling capacitance between adjacent wires on the same
layer larger than the ground capacitance to adjacent layers.
The dominant coupling capacitance may cause delay varia-
tions and crosstalk. Further, the coupling inductance exists
between both adjacent and non-adjacent wires. Ignoring the
coupling inductance among a number of parallel wires may
severely underestimate signal crosstalk [8].�
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Figure 1: (a) Two identical coupled transmission lines. (b) The
decoupled model in [7, 4], where the two lines are decoupled, but
inputs (.0/�1%243 and .6571%2)3 ) and outputs (.0/81%9:3 and .6571%9:3 ) of the
decoupled lines are still coupled. (c) The new decoupled model
proposed in this paper, where the two lines are decoupled, and the
inputs ( ;.�< / and ;.�< 5 ) and outputs ( ;. / 1%9:3 and ;. 5 1%9:3 ) of the decou-
pled lines are also decoupled. Analytical formulas are developed to
link ;. < / and ;. < 5 to the inputs of the original coupled lines, and to
link ;. / 1%9:3 and ;. 5 1%9:3 to the outputs of the original coupled lines.

Recently, a closed-form formula was developed for the
coupling noise voltage in two identical RLC lines [16]. It
is assumed that one wire is switching, and the other stays
quiet. Further, both lines are open-ended without drivers and
receivers. The formula is based on an approximate solution
to the transfer function of the two coupled wires, and is valid
only for the loosely coupled wires where the coupling noise
in the switching wire can be ignored.

In this paper, we derive closed-form formulas for the
time domain responses for two coupled RLC wires. The two
wires are identical with identical drivers and receivers. We
are able to consider an arbitrary combination of inputs and
an arbitrary coupling strength. Our method is based on the
modal analysis, which can decouple= coupled lines into=
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isolated lines[3, 4, 7, 17]. Thereforethecoupledmulti-line
problemcanbesimplifiedasanumberof isolatedsingle-line
problems. However, the decoupledrelationwasnot devel-
opedfor driversandreceivers,andnumericalmethodswere
usedto solve the boundaryproblemdueto driversandre-
ceivers[7, 4]. The circuit modelusedin [4, 7] is shown in
Figure1(b)with theboundarieshighlightedby boxes.

Ourprimarycontribution in thispaperis to show thatthe
thedecoupledrelationholdsfor theboundariesfor two iden-
tical RLC wires (seeFigure1(c)). Therefore,two coupled
lines can be completelydecoupledinto two isolatedlines,
eachwith its own driver and receiver. We also proposea
simple one segment >@?BADC model to approximatea sin-
gle interconnect.Theone-segmentcircuit modelis justified
by the fact that the on-chipwire (dueto buffer insertion)is
often shorterthan the wave length at the signal operating
frequency. Combining the decoupledmodel and the one-
segmentmodel,we have a closed-formtime domainmodel
for thetwo coupledwires.

The remainderof the paperis organizedasfollows: In
sectionE , we introducethemodalanalysisandtheextension
of the decoupledmodelto driversandreceivers. In sectionF
, we presentthe time domainclosed-formsolutionfor the

one-segmentcircuit model.Weshow experimentalresultsin
sectionG , anddraw conclusionsin sectionH .
2 Decoupledmodel
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Figure2: Decoupledequivalenttransmissionline model.

Thetwo coupledtransmissionlinesis describedbyVXWW�Y Z\[�]D^ _ Za` bc ` ^XZ�[ ]d^
(1)

where
[fe _ ehgjike%lnmog0pqe�ljmrmrstm

,

] e _ e�u7ike%lnmvu!p�e%lnmrmwsxm
arethe

line voltageandcurrentvectors.
bye _{z}|�~4� m

,
c e _}�D|~(� m

areunit impedanceandconductancematricesfor cou-
pled transmissionlines, respectively. Their dimensionsareE���E . Further, ��� l ��� with � beingthe lengthof the
transmissionline.

In themodalanalysis,(1) canbedescribedasVXWW�Y Z��[ �] ^ _ Z ` �b�c ` ^XZ��[ �] ^
(2)

with Z [ ]D^ _ Z�� `` e �X� m8��� ^XZ��[ �] ^
(3)

where
�[�e _ et�gnike%ljm��g0p�e%ljm#m s m

,
�] e _ e��u7i�e�ljm��u�pke%lnmrm s m

arevolt-
ageandcurrentvectorsfor the decoupledlines.

�
is the

voltageeigenvectormatrix. Theequivalenttransmissionline
modelisshown in Figure2.

�b�e _ �z�|@~ �� m
,
�c e _ ���|@~ �� m

are
theunit impedanceandconductancematricesfor two decou-
pled transmissionlines respectively.

�b
and

�c
arediagonal

matriceswith thedimensionsof E���E , andaregivenby�b _ � ��� b�e � � m ���
(4)�c _ � � c �
(5)

Basedon theabove equations,we canderive theexpression
of
�

. If two linesareidenticalin termsof unit impedance,
unit conductanceandwire length,from (4) and(5)� _�Z�  i,i   irp  p�i   p,p ^�_�Z�¡ Ek¢�E ¡ Eq¢�E¡ Ek¢�E V ¡ Eq¢kE ^ (6)

Theabovederivationareonly valid for �£� l �\� because
the telegrapherequation(1) doesnot hold at the driver and
receiverends.

To extendthedecoupledmodelto driversandreceivers,
we model the driver by a voltagesourcewith output resis-
tance,and model the receiver by a load capacitance.As
shown in Figure1(a),we denotethe driver voltagesas

gj¤ri
,gj¤¥p

for two lines,respectively. Thedriverresistancefor both
linesis > ¤ , andloadcapacitanceis AB¦ . Wehavethefollow-
ing theorem:
Theorem The decoupledmodel(3) canbe extendedto the
boundaries(

l _ �
§#� ) withZ �gj¤ri�gj¤¥p ^ _ � �¨� Z gj¤rigj¤¥p ^ (7)�> ¤ri _ �> ¤wp _ > ¤ (8)�AB¦ i _ �AB¦ p _ AB¦ (9)

where
�g ¤ri

and
�g ¤¥p

arethedrivervoltages,
�> i¤ and

�> p¤ arethe

driverresistances,and
�A i¦ and

�A p¦ andtheloadcapacitances,
all for thetwo decoupledlines,respectively. Thedecoupled
circuit with driver/receiver is shown in Figure1(c).

Proof: Let’s considerthe driver ends(
l _ � ) first. By

circuit analysis,we can derive the boundaryconditionsof
two networksZ©gni�e � mg0pqe � m ^ _ Zªg0¤#i V u4i�e � m > ¤g0¤wp V u�pqe � m > ¤ ^ (10)« �g i e � m�g0pke � m�¬ _ « �g ¤ri V �u i e � m > ¤�g0¤¥p V �u�pqe � m > ¤¬ (11)
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If therelation(3) holdsatthedriverends,from (10)and(11),
we haveZ�g ¤ri V u i e � m > ¤g ¤¥p V u p e � m > ¤ ^©_ � « �g ¤ri V �u i e � m �> ¤ri�g ¤¥p V �u i e � m �> ¤¥p ¬
Because Z g ¤#ig ¤wp ^ _ � Z �g ¤ri�g ¤¥p ^ (12)

and Z u7i�e � m > ¤u!pqe � m > ¤ ^ _ � « �u7i�e � m �> ¤ri�u!pqe � m �> ¤¥p ¬ (13)

From(3), (6) and(13),we haveu7i�e � m > ¤ _ ®E u7ike � m�e��> ¤ri | �> ¤wp4m |d®E u!p�e � m!e¯�> ¤ri V �> ¤¥p)mu!pqe � m > ¤ _ ®E u7ike � m�e��> ¤ri V �> ¤wp4m |d®E u!p�e � m!e¯�> ¤ri | �> ¤¥p)m
Then

�> ¤ri _ �> ¤¥p _ > ¤ . Similarly we canprove AB¦ i _AB¦ p _ A°¦ at thereceiverends.
We useFigures3, 4 and 5 to illustrate our decoupled

model. We applyexponentialsignalsswitchingat opposite
directionsto the two coupledlines, andcomparethe spice
simulationresultsover thecoupledlineswith theresultsde-
rivedfrom thedecoupledmodel. The responseof eachiso-
lated(i.e., decoupled)line is alsocomputedby spicesimu-
lation. Further, thecasewhereoneline is switchingandthe
otherline is quietwill bepresentedin section4.
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Figure3: Input components( ±!² ³ ) to decoupledlines: (a) decou-
pled line 1, and(b) decoupledline 2. Basedon equation(12), in-
putsto isolatedlinesare ´µ�¶r·x¸ ± ·¥·0¹ ±�º · , ´µ�¶ º ¸ ± · º ¹ ±�º¥º , where± ² ³ ¸¼»%½©¾ ·w¿ ² ³ µ�¶ ³ with À¥Á�Â ¸ÄÃ ÁwÅ . Parameters:Æ ¸ÈÇ4É7É4É � ,�È¸ÄÃ Å�Ê Ë7Ì4Í ,

�©¸ ÌqÊ Î É�Ï
Ð ,
�D¸ÄÃ7Ã�É)Ñ�Ò

,
�xÓ¸ Ë7ÔkÊ Õ Ñ�Ò andÖ�· º ¸�É Ê ×7Ë)Õ . µ�¶#· and

µ�¶ º arebothexponentialinputswherethe
rising constantis

Ã�ÉrØÚÙ
for
µ�¶#·

, andis
Ç4É#Ø6Ù

for
µ�¶ º .
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Figure4: Outputcomponentsat the receiver endsof two decou-
pled lines.

Ñ ² ³ is SPICEsimulationoutputof singletransmission
line (decoupledline) wherethe input is ± ² ³ . (a) At line 1 where´µ · » Æ ¿ ¸}Ñ ·¥· ¹ÛÑ Å Ã . (b) At line 2 where ´µ º » Æ ¿ ¸}Ñ · º ¹ÛÑ º¥º .
Here Æ ¸ÜÇ7É4É7É � .
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Figure 5: Comparisonof direct simulationand the result from
decouplingmethodby coupling four componentsfrom Figure 4.
(a) Comparisonat theoutputendof line 1. (b) Comparisonat the
outputendof line 2. Obviously They arealmostthesame.
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3 Solution to oneline

Using the modal analysisanddriver/receiver mapping,we
can simplify the coupledline probleminto the single-line
problem. Becausethe open-endedtransmissionline is as-
sumedin [6] and the inductanceis not consideredin [11],
the singleline solutionsin [6, 11] arenot applicableto our
case.As buffersareoftenusedin DSM designsto breaklong
wires into shortwires, on-chipwires areoften shorterthan
thewavelengthat thesignaloperatingfrequency. Therefore,
the distributedeffect often is not distinct for on-chipwires,
andwecanmodelanon-chipinterconnectasaone-segment>@?°AÝC circuit. As shown asin Figure6, > § ? § A arethere-
sistance,inductanceandcapacitanceof theline, respectively.> ¤ is the driver resistance,and A ¦ is the load capacitance.A i _ ip A and A p _ ip A | A ¦ . Thetransferfunctionof the
circuit is Þ _ ®® |àß i ~�|Üß p ~ p |àß�á4~ á (14)

where ß i _ e > | > ¤ m A p | > ¤ A i (15)ß p _ e >@> ¤ A ir¤ | ? m A p (16)ß á _ > ¤ A i A p ? (17)

Thetransferfunction(14)canbeexpressedin rationalformÞ _ â i~ V�ã i | â p~ V�ã p | â á~ V�ã á (18)

where ã i _ ®ä�å pß á V EFaå áß á å p V ®F ß pß á (19)ã p _ V ®® E å pß�á | ®F å áß�á å p V ®F ß pß�á| u ¡ F® E e å pß�á | G å áß�á å p m (20)ã áæ_ V ®® E å pß�á |D®F å áß�á å p V ®F ß pß�áV u ¡ F® E e å pß�á | G å áß�á å p m (21)

and å i _ G ß á i ß á V ß p i ß pp V ®4ç ß i ß p ß á | Eqè ß pá | G ß ápå p _ éê Fqä ß i ß p ß á V ® � ç ß pá V ç ß áp | ® E ¡ F å i ß áå áæ_ F ß i ß�á V ß pp
Further, ã i is a realnumber, and ã p and ã á arecomplex

values,i.e., ã p _ ãjë | u ãjì and ã á _ ãjë\V u ãjì . Similarly,â i
is real,and

â p
and

â á
canbeexpressedas

â p _ â�í | u â�î

and
â áy_ â�í V u âqî , respectively. By setting(14)=(18),

â i § â p
and

â á
canbecalculated.â i _ ®ß�á e ã p i | ã pë | ã pì V E ã i ã ë m (22)â�í _ V ®E ß á e ã p i | ã pë | ã pì V E ã i ã0ë m (23)â î _ ã i V�ã0ëE ã ì ß�á e ã p i | ã pë | ã pì V E ã i ã ë m (24)â p _ â í | u â î

(25)â á _ â í V u â î (26)

PSfragreplacementsï�ð ñ ï�ò ó ôõ¥ö õ ÷øúù øhû
Figure6: One-segment

���ü���
model

The

~
-domainexpressionfor exponentialrisinginputcan

beexpressedasg:ýhþÿ¤ _ g���e ®~ V ®~°| å � i� m
(27)

where
g��

is theamplitudeand å � is therising time constant.
Combine(27)and(18), theoutputisg���� å ¤ _ Þ g ýúþ ¤_ �i	��
�� á g � e â 
~ V�ã 
 m!e ®~ V ®~�| å � i� m_ �i	��
�� á g � â 
� å � i�ã 
re ã 
 | å � i� m ®~ V�ã 
V ®ã 
 ~ V ®e ã 
 | å � i� m�e ~�| å � i� m�� (28)

Thereforethetimedomainresponseof outputsignalisg���� å�� _ �i	��
�� á g�� â 
  å � i�ã 
 e ã 
 | å � i� m������ �V ®ã 
 V ®ã 
 | å � i� � � ������ � � (29)

4 Experimental Results

Combiningthe one line closed-formsolution (29) andour
new decoupledmodel,we achievea closed-formsolutionto
two coupledlines. In this section,we compareour closed-
form solutionsto spicesimulationresultsover a full RLC
model[9]. In the full model,we use30 >@?°A segmentsto
approximatealongwire. Weconsiderthemutualinductance

4
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Figure 7: Comparisonof closed-formsolution with full model
spicesimulationresults. Parameters:Æ ¸dÃ�É4É7É � ,

�}¸ ÌkÊ ÇkÃ Í ,��¸ Ã Ê Ç Õ Ï
Ð ,
� ¸ Ç ÔkÊ Î Ñ�Ò ,

� Ó ¸DÇ Å(Ê Å Ñ�Ò and
Ö�· º ¸dÉ Ê ×4×

where
Ö�· º is thecouplingcoefficient betweentwo lines.

betweenany two segmentsin orderto achieve anhighly ac-
curatemodel.

We testthreedifferencecases,wherethewire lengthare® �q�k��� ,
F �k�q��� and H �k�q��� , respectively. The line width and

the distancebetweentwo lines are both E � . The compar-
isonsare shown in Figures7, 8 and 9. For all cases,one
exponentialrising input with rising � �

_ ® � ã ~ andampli-
tude

g�� _ ®� � H g is appliedto line 1 while line 2 staysquiet.
In all figures,

e ß m
representsthe outputsignalat the output

endof theaggressor, and
e"!�m

for theoutputof thevictim line.
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Figure 8: Comparisonof closed-formsolution with full model
spicesimulationresults.Parameters:Æ ¸©Ç4É7É4É � ,

��¸XÃ Å�Ê Ë7Ì4Í ,�¸ ÌqÊ Î É7Ï
Ð ,
�à¸ÝÃ4Ã�É4Ñ�Ò

,
� Ó ¸ Ë4Ô�Ê Õ Ñ�Ò and

Ö�· º ¸�É Ê ×7Ë)Õ .
For wireswith lengthof

® �k�q��� (seeFigure7), thewave-
form givenby closed-formformulasis almostidenticalto the
full modelsimulationresults.It verifiesour previousobser-
vation that whenan interconnectis shortenoughcompared
to thewavelengthof thesignaloperatingfrequency, thedis-
tributedtransmissionline model is not necessaryfor inter-
connectanalysis.

The solutionto the H �q�k��� -long wires hasthe worst ac-
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Figure 9: Comparisonof closed-formsolution with full model
spicesimulationresults.Parameters:Æ ¸ Õ É4É7É � ,

��¸ Å Ã Ê Õ7Î7Í ,��¸ ×kÊ Ç Õ Ï
Ð ,
�Ü¸�Ã × Ç4Ñ�Ò ,

�xÓ�¸ÝÃ Ô É4Ñ�Ò and
Ö · º ¸�É Ê Ë É .

curacy (Figure9), while theaccuracy for
F �q�k��� -long wires

(Figure8) isbetweenthosefor
® �q�k��� - and H �q�k��� -longwires.

In the following, we measurethe error comparedto SPICE
simulationover the full RLC model for the first peaksat
receiver ends. For the switching aggressor(Figure 9(a)),
both thepeakvoltageandthe50%delaydiffer by 3%. For
the quiet victim (Figure 9(b)), the peakvoltagediffers by
5%, and the 50% delay differs by 18%. Clearly, the dis-
tributedeffectbecomesstrongerwith theincreaseof thewire
length.Nevertheless,theclosed-formsolutionto the H �k�k��� -
long wires is still goodenoughto guide interconnectopti-
mization.

In real designs,H �k�k��� is often larger than the allowed
maximumwire lengthwith considerationof buffer insertion.
Becausethe noise for the H �q�k��� -long wires is more than
20%of supplyvoltage(Figure9), suchlong wiresareoften
broken into several shortwires by buffers for performance
andsignal integrity purposes[1, 2]. Thereforethe closed-
form solutionof theone-segment>@?BAÜC modelis sufficient
for interconnectanalysisin mostrealdesigns.

5 Conclusion

In thispaper, wepresentanew decoupledanalysismodelfor
two coupledRLC wires. It mapstwo coupledtransmission
lines into two isolatedlines with separateddriver/receiver.
Furthermore,weuseaone-segment>@?°AàC circuit to model
a single isolatedwire, and then derive a closed-formtime
domainresponsefor exponentialrising inputs. Combining
the decoupledmodeland the one-segment >@?BA{C model,
we have a closed-formtime domainmodelfor thetwo cou-
pled lines. This modelcanbe usedto guidethe layout de-
sign,logic synthesisandhigh-level design.Our futurework
will extendthemethodto multiplenets,andto non-identical
driversandreceivers.
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