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Abstract— This paper solvesthe variation-awae on-cip decoupling
capacitance(decap)budgeting problem.Unlike previous work assumingthe
worst-casecurrent load, we develop a novel stodastic current model,which
efciently and accumtely captues opemtion variation sud as temposl
correlationbetweerclod cyclesandlogic-inducedcorrelation betweerports.
The modelsalso consides current variation due to processvariation with
spatial correlation. We then proposean iterative alternative programming
algorithm to solvethe decapbudgeting problemunder the stodastic current
model. Experimentsusing industrial examplesshowthat compaed with the
baselinemodel which assumesmaximumcurrents at all ports and under
the samedecaparea constaint, the modelconsideringtempoal correlation
reducesthe noise by up to 5 , and the model consideringboth tempoal
and logic-inducedcorrelations reducesthe noise by up to 17 . Compaed
with the model using deterministicprocessparametes, consideringprocess
variation (L ¢f ¢ Vvariation in this paper)reduceghe meannoiseby up to 4
andthe3 noisebyupto 13 . Whiletheexisting stodasticoptimizationhas
beenusedmainly for processvariation purpose this paperto the bestof our
knowledg is the r st in-depth study on stotastic optimizationtaking into
accountboth opemtion and processvariationsfor powernetworkdesign.\We
corvincingly showthat consideringopemtion variation is highly bene cial
for powerintegrity optimizationand this shouldbe reseachedfor optimizing
signal and thermalintegrity as well.

I. INTRODUCTION

The continuoussemiconductotechnologyscalingleadsto growing
processvariations[1], and statisticaloptimizationhasbeenactively
researchedo copewith processvariations.Recentexamplesinclude
stochasticgate sizing for power reduction [2], [3] and for yield
optimization [4], [5], stochasticbuffer insertionto minimize clock
delay [6], and adaptve body biasing with post-silicontuning [7].
However, all thesepaperdggnoreopeiation variation suchascrosstalk
differenceover input vectors, power supply noise uctuation over
time, and processottemperaturevariation over workload. We argue
that a betterdesigncould be achievzed by consideringboth operation
and processvariations.As a vehicle to demonstratethis point, we
studyin this paperthe on-chip decouplingcapacitancensertionand
sizing (or decapbudgeting) problem taking into accountoperation
and processvariations.

To solve the decap budgeting problem, most work emplg/s a
sensitvity-basedoptimizationtechnique suchasthosesolved by ei-
therlinearprogrammind8], quadraticprogrammingd?9], or conjugate
gradientmethod[10], [11]. At eachiterationstepduringoptimization,
sensitvities of the objective function with respectto variousdecaps
are obtainedby running circuit simulationson the adjoint network
followed by time-domainconvolution [9], [11]. Becauseboth sim-
ulation and corvolution are time-consumingoperationsthe overall
runtime is high and suffers from the scalability problem for large
P/G networks. To mitigate this runtime issue, different techniques
have been proposed.For example, [9] emplged piecavise-linear
approximationfor the time-domainwaveforms so that convolution
canbe carriedout fasterwith boundedaccurag loss.[10] exploited
regular structuresof P/G networks, and reducedcircuit sizes by
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equivalentcircuit transformation(suchasY - transformation)Be-
causeof the relianceon specialP/G structuresthe applicability of
this techniqueto large P/G networks is limited and the reduction
ratio is not high in general.[11] emplg/ed a divide-and-conquer
approachthat partitioned a P/G network into a number of sub-
circuits so that decapbudgetingcan be solved efciently for each
sub-circuit. But to considerthe inter-dependencédetweendifferent
sub-circuitsanarti cial boundaryconditionhasto beimposedhence
the accurag of the solutioncannotbe guaranteedRecently [8] used
macromodelingand linear programmingbasedapproachego solve
the decapproblem.However, sameasthe previous studies[9]-[11],
it assumeda maximum currentload at every port to guaranteehe
worst-casedesignscenario.

The maximum current model is over pessimisticas it ignores
operationvariation. Speci cally, currentloadsat different ports are
correlatedandcannotreachthe maximumat the sametime dueto the
inherentlogic dependencfor a given design,henceexhibiting logic-
inducedcorrelation; andthe currentat a port also exhibits tempoal
correlation i.e., the currentcannotattainmaximumall the time, and
dependingnthefunctionalitybeingperformedthecurrentvariations
for certainperiodsof clock cyclesare correlated.

Unfortunately few researcthasbeenconductecon how to extract
theseoperationcorrelations The stochastianodelingof IR dropwith
respectto given correlatedcurrent loads for a P/G network was
studiedin [12]. However, the paperdid not discusshow to extractthe
correlationof thosecurrentloads.Moreover, it is still notclearhow to
usethe correlationto guidethe P/G network designandoptimization
suchas decapbudgeting.

In addition, the currentloads are affected by processvariations.
[13] hasconsideredprocessvariation inducedleakagevariation for
power grid analysis.While the leakagepower is comparableto the
dynamicpower becauseot all componentsreactive simultaneously
in a large system-on-chipwe believe that the dynamicpeakcurrent
is still dominantcomparedwith the leakagecurrent.However, how
to designa reliable P/G network in the presenceof processvaria-
tion (particularly Les ¢ variation) hasnot beenexplicitly studiedin
existing work [9]-[11].

In this paper we develop a novel stochasticmodel for current
loads, taking into accountoperationvariation such as temporaland
logic-inducedcorrelationsand processvariationssuchas systematic
andrandomL s ¢ Vvariation. We proposea formal methodto extract
operationvariationandformulatea new decapbudgetingproblemus-
ing the stochasticurrentmodel.We develop an effective yet ef cient
iterative alternatve programmingalgorithmandconductexperiments
usingindustrialdesignsWe shav thatunderthe samedecapareaand
comparedvith the baselinemodelassumingnaximumcurrentsat all
ports,themodelconsideringemporalcorrelationreduceghe noiseby
upto5 , andthemodelconsideringbothtemporalandlogic-induced
correlationsreducesthe noiseby up to 17 . Comparedwith using



deterministicprocesgparametersconsideringL ¢f ¢ variationreduces
the meannoiseby upto 4 andthe3 noiseby upto 13 when
both applying the current model with temporal and logic-induced
correlationsTherefore we corvincingly demonstratéhe signi cance
of consideringboth operationand processvariationsand opena new

researchdirectionfor optimizing signal,power andthermalintegrity

with consideratiorof operationvariation.

The remainingof the paperis organizedasfollows. We introduce
the decapbudgetingproblemin Sectionll, anddevelopthe stochastic
currentmodelandparameterize/INA formulationin Sectionlll. We
discussthe algorithmsto solve the variation-avare decapbudgeting
problemin SectionlV, and presentexperimentsin SectionV. We
concludein SectionVI.

Il. PROBLEM FORMULATION

The P/G network canbe modeledasa linear RLC network with each
segmentandpadmodeledasa lumpedRLC elementfrom extraction.
The behaior of ary linear RLC network with p ports of interests
is fully describedby its staterepresentatioriollowing the modi ed
nodal analysis(MNA)

Gx + Cd—x

at Bu(t);

1)
)

wherex is a vector of nodal voltagesand inductor currents,u is a
vectorof currentsourcesat all ports,G is the conductancenatrix, C
is a matrix that includesboth inductanceand capacitanceelements,
B andL, areportincidentmatrices,andy is the outputvoltagesof
interestsat the p ports.

We model the P/G network noise basedupon the responsey(t)
from (2). Becausef theduality betweerpower andgroundnetworks,
in the following, we will focusour explanationon the power network
design.But it is understoodhat the sameformulation appliesto the
groundnetwork designaswell. Sameas[9]-[11], [14], we modelthe
power network inducednoiseat a nodeasthe integral of the voltage
drop belav a userspeci ed noiseceiling U over a certainperiod of
time: 7

Zi =

y=Lox

‘ (U yi()dt; 3)

where  is thetime durationwhenvoltageat porti, yi, dropsbelov
the noiseceiling U, i.e.,

i = ftjyi(t) 4

The gure of merit that measureghe qualify of the whole power
network designis de ned asthe sumof noiseat all portsof interest,
ie.,

Ug:

x £
(U yi(t)dt

i=1
We will call the noisemeasuremerin (5) simply asnoisein the rest
of the paper

Baseduponthe noisemodelingabore, we canformulatethe decap
budgetingproblemasthe following optimizationproblem:

Formulation1: Decap Budgeting: Given a powver network mod-
eled as an RLC network with speci ed powver pads,time-varying
current at different ports, and total available white spaceW for
decouplingcapacitancethe DecapOpfproblemdetermineghe places
to insert decouplingcapacitanceand the sizes of eachdecoupling
capacitancesuchthat the noisede ned in (5) is minimized, consid-
ering the time-varying currentu(t) in (1) causedby logic-induced
variation, temporalvariation and processvariation.

(5)

TABLE |
NOTATIONS FOR STOCHASTIC CURRENT MODEL.

p total port number

L max numberof clock cyclesfor temporalcorrelation
(\"( peakcurrentat port k in clock cycle i

a vector of the currentpeaksat port k

sampledevery L clock cycles startingfrom cycle j .

BJk stochastiovariablerepresentinghe samplesn b{(
ﬁk a vector of several kﬂ( with differentL ¢f ¢
B*k stochasticvariablerepresentinghe samplesin tﬂ(
g independenstochasticvariablesafter ICA

I1l. STOCHASTIC MODELING
A. Stotastic Current Modeling

In this section we proposeour stochasticurrentmodelingfor current
loadsof the P/G network, i.e., u(t) in (1). Similar to the vectorless
P/G analysisin [15], we assumethat the circuit is partitionedinto
blockssuchthat differentblocksarerelatively independentfFor each
block, thereare multiple ports connectedo the power network, and
eachport is modeledas a time-varying currentload for the power
network. We apply extensve simulationto eachblock independently
to getthe currentsignaturesBecausewe ignorethe interdependence
betweerblocks,the obtainedcurrentsignaturesresstill conserative
comparedwith the real currentpro les.

For simplicity of presentatiomndsimilar to [9] , we representhe
currentin oneclock cycle asa triangularwaveformwith rising time,
falling time, andpeakvaluel". The peakvaluesvary in differentclock
cyclesandover differentports. The correlationbetweencurrentsfor
different ports is called logic-inducedcorrelation In addition, the
currentsof the sameportin differentclock cyclesarealsocorrelated.
We call this type of correlationastempoal correlation For example,
it might take a block several clock cyclesto executecertainfunctions
andthecurrentpro le insidethoseclock cyclesaredependento each
other For simplicity, we assumethat for a given design,the clock
cyclescanbedividedinto severaltrunks:the currentsinsidethe same
trunk are correlatedbetweendifferentclock cycles, while thereis no
correlationbetweenthe currentsin clock cycles of differenttrunks.
We denotel. asthe maximumnumberof clock cycleswithin atrunk.
For example,we can chooseL to be the largestnumberof clock
cyclesto nish oneinstruction,and will verify the validity of this
choicelater.

In thefollowing, we devise a stochastienodelwhich canef ciently
capturethe correlation from both the logic-induced variation and
temporalvariation,aswell asfrom processvariation. For simplicity
of presentationwe summarizenotationsfor the stochasticcurrent
modelin Tablel.

1) Stotastic Model to Consider Current Interdependence:We
recordthe peakcurrentsatportk (1 k p with p asthetotal port
number)at differentclock cycles,and put theminto vectors,i.e.,

Ho= [0 A2 1k (6)

where (‘li is the peak currentsat port k in clock cycle j, and bL
is the set of peak currentssampledevery L clock cycles starting
from cycle j. For example,if the peakvaluesin eachclock cycle
for port 1 are[0:1; 0:2; 0:3; 0:4; 0:5; 0:6; 0:7; 0:8], andfor port 2 are
[0:01; 0:02; 0:03; 0:04; 0:05; 0:06; 0:07; 0:08], andwe choosel. = 2,

;L oL

10our noise veri cation in the experiment part does not dependon this
assumption.



then
bi = b} = [0:01; 0:03; 0:05; 0:07];
b = b3 = [0:02 0:04;0:06;0:08]  (7)

We modelthe peakcurrentat eachport asa stochastiqorocessThen
all the elementsof bL are the samplesfor the stochasticvariable
Bl with its mean (Bl) andstandarddeviation (Bl). We call the
correlatlonbetweenbL1 andb? astemporalcorrelation,andthe one
between, , andb, aslogic-inducedcorrelation.

With those stochastlcvarlables BJ 's and their corresponding
sample:;b[< s, we can computethe Ioglc inducedcorrelationmatrix

(j ; ka; k2) which describeshe correlationbetweerthe peakcurrents
at ary two portsk; andk, in clock cyclej as

[0:1; 0:3; 0:5; 0:7];
[0:2; 0:4; 0:6; 0:8];

JiK1Kz) = (Bj)(Bj)’ 1, K2 P);
where cov(B! ,Bsz) are the covariance betweenB}, and B} ,

and (BJ ) and (BJ ) are their standarddeviations, respec'uely
Similarly, thetemporalcorrelatlonmatrlx (j1;]2; k) whichdescribes
the correlationbetweerthe peakcurrentsbetweerclock cyclesj 1 and
j2 of a sameport k canbe computedas

cov(Bl!; B)?) |

(Bi) (Bl)'

As an example,the block-diagonalstructuredtemporalcorrelation
matrix in Figurel is extractedby our methodfrom anindustrydesign,
wherethe maximuminstructionperiodis 10 clock cycles.We extract
the correlationmatrix for 40 clock cycles. It can be seenthat the
correlationmatrix canbe clearly divided into four trunks,andL can
be setas10. The correlationbetweenclock cyclesin differenttrunks

is very small. This veri es that it is reasonableo take L as the
maximumnumberof clock cyclesto nish oneinstruction.

(j1;j2:k) = T juj2 L) )

clock cycle
N
5
I
[
|
|
|

5 10 15 20 25 30 35 40
clock cycle

Fig. 1. Thecorrelationmapfor peakcurrentsbetweendifferentclock cycles
of oneport from anindustry application.

2) Extensionto ProcessVariation with Spatial Correlation: [16]
relatesthe currentto the procesgparameterd. ¢f ¢ , tox andVi as

M (Vad (10)

As pointed out in [17], in 90nm regime the most signi cant
variation sourceis the effective channellength (Lef ), and L
variation can be more than 30%. Furthermore,L ¢ variation is
mostly spatially correlatedbut not random[16]. Therefore,we will
usel ¢ ¢ variationasan exampleto shawv how processvariationcan
be embeddednto our stochastiomodeling.lt is understoodhat the

Lefof:stoxo:s Vt):

processvariation of other parametersan be dealtwith in a similar
way.
We usethe variationmodelfor L ¢ basedon [16]:

Lerr = Lo+ LP"™ + L + (11)

wherel o is the overall mean,L”" °* is a discretestochastiovariable
with a distribution determinedby the frequeng of eachgate,L 5P
correspondsto the spatial variation, and is the local random

variation. '
From (10), with L¢f ¢ variation, the samplef\f< becomesa set of
samples "og S #
A N
n,( iff,k;r\f( Sff,k;,:: : (12)
Lef fik Lef fik

WhereLieff;k with differenti arethesampleof L¢s ¢« for thecircuit
block correspondindo portk with the nominalvalueL ef 1 , andf\f<
arethe peakcurrentsamplefor B, in the deterministiccasewithout
Left variationin (6). In otherwords,if wehave n sampledor L ef 1 x

""" Let ¢k ), thenevery currentsamplelJ becomes
n samplesTherefore thesamplevectortik becomes timeslonger
in the presencef L¢s ¢ variation,andwe denotethis new vectoras
tiK In addition,we denotethe stochastio/ariablerepresentinghe set
of tiK asB* In this case the temporalcorrelation(8) becomes

cov(B! ki; kz).

~j;ki; ko) = - =—; (1 kyka p); (13)
(BL,) (B,)
andthe logic-inducedcorrelation(9) becomes
o cov(Bl!; Bi2 o
Guizk = MBEBD g g

(B) (Bi3)
B. ParameterizedProblemFormulation

1) ParameterizedCurrentvia ICA: Directly consideringthe tem-
poral and logic-induced correlation including processvariation as
formulatedin (13) and (14) is dif cult for optimization. Therefore,
we proposeto remave the correlation betweenB}'s and build a
parameterized@urrentmodelin the following.

If all thosevariable B}'s are Gaussianwe can apply principal
componentanalysis (PCA) to eachclusterto remove the interde-
pendencebetweenthe stochasticvariables B}, 's. However, this is
not the casefor our stochasticcurrent model. Therefore,we use
independentcomponentanalysis (ICA) that is applicableto non-
Gaussiandistribution [18]. The input to ICA is the sampleshi, as
well as their correlationmatrices(13) and (14), and the output are
a setof independenstochasticvariablesr; and their corresponding
coefcients a; (j; k) to reconstructeachB , i.e.

X

Bl = ai(j; K)ri:

i=1

Theorderq is determinedor eachdesignsuchthatthe relative error

betweenthe original currentsand model predictedcurrentsis less

than5%. The probability densityfunction (PDF) for eachr; is also

givenin the outputof ICA asa one-dimensionalookup table,based
on which we canboundthe rangeof r; as

(15)

ror T (16)

wherer; andTf7 canbe relatedto r;'s mean( ) and variance( 2.

For example,we cantake r; as 4 andfias +4 .
Therefore,assuminguniform rising and falling times acrossthe

chip for the triangular current waveform within a clock cycle 2

2This uniform assumptiordoesnot affect the resultsin our experiments.



togetherwith a; (j; k) which representghe i-th componentof the
peak current at port k in clock cycle j, we have all the neces-
sary information to obtain the i-th time-varying current waveform
componentu; (t;j; k). If we denoteT as the clock period, then

jT t (j+ DT. Putthoseu;(t;j; k) atall portsin clock cycle
j togetheras
. 1
ui (t;j; 1)
. ui(t;J; 2) , ,
ui(tj) =8 . AT ot (1T A7)
ui (t;J; p)

andthencombineall theu; (t;]) in differentclock cycles,we canget
ui(t) withO t LT . Finally, accordingto superpositiortheorem,
we have

xa
u(t) = LT:

i=1

ui(t)ri; 0 t (18)

As anillustration, Figure 2 shaws the procedurefor L = 3, T = 1
andp = 1. We call (18) as parameterizeadurrentload model.

2) ParameterizedMNA for Decap Budgeting: Consideringthe
inherent parasitics,we model the decap similarly to [19] as an
equivalentseriescapacitoi(ESC),andequivalentseriesresistofESR)
andan equialent seriesinductor (ESL). Whena decapwith sizew;
is insertedinto the power network at a given location,its impactcan
be consideredby adjustingmatricesG and C in (1) basedon the
location at the network andthe size of the decap.Mathematically it
canbe representeds

ol
Go + Wi
1

G = Guw;i; (19)

Co+ Wi
i=1

Cuwii; (20)

where Go and Cp are the original matricesfor the power network
without decapM is the total numberof decapsandGy:i andCy i
provide the stampingof a unit width decapat the i-th location. Due
to the placementonstraint,w; hasan upperbound,i.e.,

0 w W: (21)

The MNA equationof (1) with G givenby (19), C given by (20),
andu given by (18) canbe written asfollows

(Go + Wi
i=1

d
Guw;i)x+ (Co + Wi Cw;i)d—)t(
i=1
xa
= B ui (Ori;

i=1

(22)

where0 t LT andr; is astochastiovariablewith ri — r; 7.

We call this MNA equation as parameterizedMNA formulation
for decapbudgeting. One of the major adwantagesin using this
parameterizedMNA formulation is that it enablesus to implicitly

computesensitvities ef ciently and accurately which will become
clearerin the later part of this paper

With the parameterize®INA, the variation-avare decapbudgeting

problemcan be mathematicallyrepresenteds follows:

Xp Z
(P1) min supf = (U yi(wi;rt)dt (23)
Wi g i=1 i
st 0O w W; 1 i M (24)
hd _
w W (25)
i=1
re re T 1 k g (26)

wherevoltagey; is afunctionof w;, ry, andtime t andcanbe solved
from (22) and (2).

Problem(P1) is a constrainednin-maxoptimizationproblem.The
sup operationover all random variablesry is to nd the worst-
casenoise violation measuresfor a given power network design.
This operationguaranteeghat all P/G network designssatisfy the
given design constrainswhile consideringthe temporaland logic-
inducedcorrelationsaswell asL ¢ ¢ variationamongports. This is
of particularusefor ASIC-styledesignswherethe worst-caselesign
performancehasto be ensuredor sign-of. The min operationover
all decapsizesw; is to nd the optimal decapbudgetingsolutionso
that the worst-casenoiseviolation is minimized.

IV. ALGORITHMS
A. lterative Alternative Programmingwith GuaranteedCorvemgence

Becausethere exists no generaltechniqueto solve the constrained
min-max problem (P1) optimally, we resortto an effective iterative

optimization stratgy, which we call iterative alternative program-

ming (IAP). That is, insteadof solving the min-max problem (P1)

directly, we solve it by iteratively solving the following two sub-
problemsalternatvely.

The rst sub-problemassumeshatall decaps'sizesw; areknown,
hencethe worst-casenoisecanbe obtainedby solving the following
optimizationproblem

)(p Z

(P2) f = (U yi(wi;rg;t)dt

i=1 i

s 1 k g

max (27)
"k

sit: e rg (28)

The secondsub-problenmassumeshatall randomvariablesrx have
x edvalues,hencethe decapsizesto achieve the minimum noisecan
be obtainedby solving the following optimizationproblem

X) Z
(P3) min  f = U yiwiinatdt  (29)
! i=1 i
sit: 0O wi w; 1 i M (30)
X
wi W, (31)

i=1

whereW is the total white spaceavailable. Problem(P3) is exactly
the deterministicversionof the original problemformulation (P1).

We illustrateour ideain Figure 3 andthe overall algorithmcanbe
describedn Algorithm 1, whereiter is the currentiteration number
and determineghe stopcriteria of the optimizationprocedure For
eachiteration, we increasethe available white spaceby W if the
stoppingcriteriahasnot beenmetyet, which meanshe currentwhite
spaceis not enough.

The algorithm terminateswhen the changeof objective function
j fj is sufciently small, or we have usedup all the white space.
The rst casecorrespondingdo the situationwherewe have reduced
noisebelav the boundbeforeall the white spaceare usedup, while
the secondcaseindicatesthat we have usedup all the white space.



a,(0, 1) - .. . uy(t;1)

_

u;(t) 0<=t<3

1,1 .
aq( ) al({l) uy(t;2) @
(2,1) |ewaea :

Fig. 2. An exampleto constructuy(t) for L = 3, T = 1 andp = 1 by aligning independenturrentcomponentsaccordingto the time sequence.

In either case,the algorithmwill terminatesand the cornvergenceof
our algorithm is guaranteedAs shavn in Figure 4, the choice of

W re ects atradeof betweerthe runtime andthe solutionquality.
Smaller W canresultin smallernoiseunderthe samedecaparea
but the runtime is increasedaswell. Setting W = 0:004W gives
a goodbalancein our experiment.

update the decap budgeting

AR

Find the optimal
decap budgeting for
the given max
drooplbounce

Find the input corresponding
o the max. droop/bounce for
the given decap budgeting

update the max droop/bounce

Fig. 3. Solwe the min-maxproblemby iteratively solve two sub-problems.

Algorithm 1 lterative alternatve programming.

INPUT : initial w;, rg, currentwhite spacew ;
OUTPUT: nal solutionw; to problem(P1);
Initialize : The currentwhite spaceavailableW = 0;
foriter = 0;j fj andW W iter + + do
W=WH+ W;
w; = solve-P3ter , wi, r¢, W);
rx = solve-P2{ter , wi, ry, W);
Computeobjective function with new r andw; ;
end for

B. Ef®cient SequentiaProgramming

Both problems(P2) or (P3) are constrainednonlinearoptimization
problems,and there exits no generaltechniqueto solve them ef-
ciently. Becausethe constraintsin both problemsare linear, if we
can approximatethe objectve function f by a rst-order linear
function, the original problemswould becomelinear programming
(LP) problem$. Becauseefcient solversexist for LP problems,we
cansolve theapproximategroblemamoreef ciently thansolvingthe
original problemddirectly. Thereforewe proposeo solve the original
(P2) or (P3) problemvia sequentialinear programming(sLP).

For now, let us assumethat we know how to computethe rst-
ordersensitvities of the objective functionf with respecto changing

SWe can also extend our techniqueto approximatethe objective function f by a
second-ordequadraticfunction, then the problemwould becomea quadraticprogram-
ming (QP) problem.Ourinitial experimentaresultsshov thatcomparedwith LP, QP can
further reducethe noiseby 19% with the samedecapareaat the costof 3X increased
runtime. This will be reportedin detail in the future.
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variables which will be discussedn Section4.3. Therefore,we can
easily obtainthe linear approximationof the objectie function. For
example, for the objective function in problem (P3), the changing
variables are all  w;. Therefore,we have the following linear
approximationfor the objective function

X @

i OV

wheref is the currentvalue of the objective function, and % are
the rst-order sensitvities of f . Apparently (32) is a linear function
of w;. By replacing(27) with (32), we obtainan approximated_P
formulationfor (P3).

A high-level descriptionof the sequentiaprogrammingalgorithm
to solve eitherproblem(P2) or (P3) is shavn in Algorithm 2, where
iter2 is the currentiterationnumber ITER2is the maximumiteration
bound. The iterations stop when the changeof objective function
j fjissmallerthan ;, which is dynamicallyadjustedaccordingto
theiterationnumberiter in the outerloop of Algorithm 1. We employ
anexponentialdecreasindunctionto adjust » in this work. Theidea
is that when the out-loop iterationis small (or we are far from the
optimal solution),we canhave an early terminationof theinnerloop
optimization procedureas shavn in Algorithm 2 early But when
the outerloop iteration becomeslarge enough(or we are close to
the optimal solution),we shouldspendmoretime in eachinnerloop
optimizationto nd a betterglobal optimal solution. Parameter is
usedto control the efforts that we should spendin the innerloop's
optimization.

f fo+ wi; (32)

C. SensitivityComputation

To solve (P2) and(P3) via sLR, we needto computethe sensitvities
of the objective functionf with respectto the designvariables,i.e.,



Algorithm 2 Sequentiallinear programmingfor solving (P2) and
(P3).
INPUT : iter , wi, ri, W;
OUTPUT: updatedw; for (P3) orr; for (P2);
2 = exp(- iter);
for iter 2=0;j fj 2 oriter 2 | TERZ2; iter 2++ do
Computethe rst-order sensitvities of f ;
Formulate(P2) or (P3) asan LP problem;
Call LP solver to solve the above problem;
Computeobjective function with new w; (P2) or r; (P3);
end for

eitherw; or r;. Becausethis computationis similar for both (P2)
and (P3), we will focusour discussionon (P3) in the following.

The rst-order sensitvities of the objective functionf of problem
(P3) arede ned as

Z Z
@ _ *" @, *" &
@vi o O % @wi

For simplicity of presentationwe have looselyappliedthe derivative
notationon a vectorfor component-wisealerivative. To computethe
sensitvity of f w.r.t. w;, all we needto know is the sensitvity of
the statevector x with respectto w;. We use Taylor expansionto
expressx asfollows

dt; (33)

i=1 i

bl
X = Xo+ i
i=1

Wi + 1o (34)
where ; is the rst-order sensitvity of x w.r.t. randomvariablew;,
i.e., we have

&
@vi v
To computethesesensitvities, we recognizethatx alsosatis esthe
differential equationgiven by the parameterizedNA formulation
(22). By Laplacetransformationwe re-write (22) asfollows

X

(G+
i=1

(3%)

wi Gw;i)x+ s(C+

i=1
By plugging (34) into (36), we obtaintermsof w; with different
orders.By equatingthe zero-ordetermsof  w; from both left and

right handsidesin (36), we obtaina setof equationsasfollows

37

Wi Cuwi)X = Bu: (36)

(G+ sC)xo = Bu:

By equatingthe rst-order termsof
asfollowsforalll i M

w;, we obtainsetsof equations

(G + SC) i = (Gw;i + SCW;i)XO: (38)

By applyingthe Backward Eulerintegrationformulaandassuming
the time stepash, we canre-write (37) and (38) asfollows

(G+ %)XO(H h) = Bu(t + h) + Xo(t)%: (39)
(G+ %) i(t+ h)= (Gw;i + %)Xo(t"' h)
+ Xo(t)Cwii + i(t)C: (40)

h
Becauseall equationsin (39) and (40) sharethe sameleft-hand
side matrix, (G + C=h), we only needto perform LU-factorization
once,and then reusethe samefactorizationto solve for xo and
sequentiallyat eachtime step.This computationis ef cient because
it only involves some matrix-vector multiplications, and backward
and forward substitutions.

The integral intenval ; for porti is decidedby xo. Oncexp is
solved, we have y = L{ X0, and then the correspondingntenval
can be decided from (4). By doing so we have assumedthat
the incremental w; is relatively small in each step and will not
signi cantly in uence the integral intenval. In summary we can
computethe rst-order sensitvities of the objective function f of
problem(P3) by following the Algorithm 3.

Algorithm 3 Sensitvity computationfor (P3).

INPUT: wj, rg,h, T;

OUTPUT: f and ;;

factorization: LU factorizeG + C=h;

fort=0;t+h T;t=1t+ hdo
Solwe (39) for xo(t + h);

end for
fori=1;i p;i+ + do

Use(4) to compute ; fromy(t) = Lg Xo(t);
end for

fort=0;t+h T;t=1t+ hdo
Solve (40) for i (t + h);
Solve é% from (33);

end for

V. EXPERIMENTAL RESULTS

In this section, we presentexperimentsusing four industrial P/G
network designs.For eachbenchmarkwe randomly select20% of

total nodesascandidatenodesfor decapinsertion,i.e.,M = 20%N .

For fair comparisonwhencomparingheruntimeandnoise, thesame
white spaceis usedup for differentmethodsWe run experimentson

a LINUX workstationwith PentiumIV 2:66G CPU and 1G RAM.

We partitionthe circuits accordingto the methodin [15]. We usethe
packageFASTICA [20] to performICA. Finally, we useMOSEK as
thelinear/quadratiprogrammingsolver [21] andrandomwalk based
simulator[22] with detailed(not triangular)input currentwaveform
to obtainthe noisereportedin this section.

A. DecapBudgeting without Leff variation

We comparethree currentmodelsas shavn in Table Il: maximum
currentsat all ports (model 1), stochasticmodel (model 2) with
logic-inducedcorrelationonly (L = 1), andstochastianodel (model
3) with both logic-inducedand temporal correlation. For temporal
correlationwe alwaysuseL = 4 sinceall circuitstestedtake at most
four clock cyclesto completeary oneinstruction.Tablell reportsthe
noiseand runtimefor the four benchmarkswith differentnumberof
nodes.Comparedwith the baselinemodelwith maximumcurrentsat
all ports*, the model consideringtemporalcorrelationreducesoise
by up to 5 ; andthe model consideringboth temporaland logic-
inducedcorrelationsreducesnoiseby upto 17 (seebold in Table
I1). This is becausehe rst two modelscannotmodel the currents
effectively andleadto insertingunnecessarilyarge decapsin some
regions. Thus,they resultin morenoisein the otherregionssincethe
total decapareais given. As for the runtime, model 2 needsabout
1.5 moretimethanmodell, while model3 needsabout2.3 more.
Theruntimeoverheads the price we have to pay in orderto achieve
betterdesigns.

In Fig. 5, we plot the time-domainresponsesat one randomly
selectedport for two optimizationiterationsby alternatvely solving
the problem (P3) and (P2). The benchmarkhas 1284 nodes.The
initial waveform is denotedby “AQ:initial”. After performingdecap
sizing onceby solving problem(P3) with a x ed choiceof random
variablesr, we obtainthe new waveform asdenotedby “Al:(P3)".

4We solwe it by iteratively solving (P3) without alteringto (P2).



TABLE I
NOISE AND RUNTIME COMPARISON BETWEEN THE THREE MODELS.

Model 1 maximumcurrentsat all ports
Model 2 | stochastionodelwith logic-inducedcorrelation
Model 3 Model 2 + temporalcorrelation
Node# | Port# noise (V*s) runtime (s
model model model | model | model model
1 2 3 1 2 3
1284 426 6.33e-7 | 1.28e-7 | 4.10e-8 | 104.2 161.2 282.3
10490 3398 | 5.21e-5| 1.09e-5| 4.80e-6 | 973.2 1430 2199
42280 | 13327 | 7.92e-4 | 5.38e-4| 9.13e-5| 2732 3823 5238
166380 | 42146 | 1.34e-2 | 5.37e-3 | 2.28e-3| 3625 5798 7821
avg 1 1=3 1=9 1 1:50 2:26

We then switch to solve problem (P2) by varying the values of

thoserandomvariablesry, but with x ed decapsizesw;. We see
that the waveform of the nal worst-casevoltage drop becomes
worse comparedto the deterministicsolution; hencewe obtain a

new voltage drop waveform as denotedby “A2:(P2)". We then

switch back to solve the decapsizing problem (P3) with x ed but

newly updatedchoice of randomvariablesry. At the end of this

optimization, we arrive at a new voltage waveform as denotedby

“A3:(P3)". Apparently comparedto “Al:(P3)", the nen solution

has smaller voltage drop. If we continuethe same proceduresby

following the IAP algorithm given in Fig. 1, similar sequence®f

time domainvoltagedrop waveformswould repeataswe have shavn

in Fig. (5) until we converge to an optimal solution.Also, the voltage
drop is reducedmostly in the rst optimization iteration denoted
as “Al1:(P3)". Afterward, the voltage drop reductionis relatively

small. This obsenrationis in agreementith the commonknowledge
aboutary sensitvity-basedoptimizationtechniquesin this particular
example,we nd that the rst two iterationsreducesthe noise by

51.4%.

Fig.5. TimedomainwaveformsatoneportaftersLP for differentiterations.

B. Lt ¢ Variation Aware DecapBudgeting

In the presencef processvariation, we wantto minimize the worst-
casenoisefor Lt ¢ variation. We solve this via the proposedl AP
techniquein Algorithm 1. We denoteour Let¢ Vvariation aware
approachassLP + L¢i¢ and the counterpartas sLP . Before we
quantitatvely comparethe two methods,we rst use Figure 6 and
Figure 7 to demonstratehe effectivenessof L ¢ variation aware
decapbudgeting.In Figure 6 we usethe sLP approachand design
for thedeterministiccasewithout processvariation.We plot the noise
mapover differentports. The samecircuit is usedin plot (a) andplot
(b), but plot (a) hasno L ¢ variationwhile plot (b) has15% L ¢ ¢

variation. As we can see,the noise map changessigni cantly from

(a)to (b). The noiseof (a)is 1:44 10 *V s, while thatof (b) is
59 10 *V s (4 increase)which mayleadto noiseviolation
in (b). In contrast,Figure 7 usesthe samecircuit optimized by the
sLP + Lers approach.For the noise maps,plot (a) considersno
variation,andplot (b) has15% L ¢ variation. We canseethat the
two noisemapshave little difference The noiseof (a)is 1:17 10 *
V s, andthatof (b)is1:24 10 *V s (1:06 increase)which
meansthat the designin Figure 7 is robust. ComparingFigure 6
andFigure 7, onecanclearly seethat the noisein Figure 7 is much
smallerthanthatin Figure6, althoughboth have the samedecaparea
constraints.

Fig.6. Thenoisemapsfor the anindustrypower meshwith decapbudgeting
usingsLP . The circuits in (a) and (b) are the samebut (b) considers15%
Lef ¢ variation.

Fig. 7. Thenoisemapsfor the samepower meshwith decapbudgetingusing
SLP + L ¢ . Thecircuitsin (a) and(b) arethe samebut (b) considersl5%
Lef ¢ Vvariation.

Next we comparethe meanvalue and3 valueof the noisedis-
tribution with 10% Lt ¢ variation basedon Monte Carlo simulation
with 10,000runs,andtheresultsarereportedin Tablelll. Compared



TABLE 11l
THE MEAN VALUE ,3 VARIANCE OF THE NOISE AND RUNTIME (RT)
COMPARISON BETWEEN SLP + Lgff ANDSLP WITH 10% INTRA-DIE
Leff VARIATION.

Node# Port# sLP SLP + Lgf ¢

3 RT 3 RT

(V*s) (V*s) (s) (V*s) (V*s) ()
1284 426 9.28e-7 3.97e-7 184.2 6.14e-7 1.38e-7 332.8(1:81 )
10490 3398 T.03e-4 4.79e-5 1121 72265 1.23e5 3429(3:06 )
42280 13327 2.29e-3 9.72e-4 2236 8.23e-4 1.01e-4 6924(3:10 )
[ 166380 42146 2.06e-2 9.91e-3 3824 5.31e-3 8.32e-4 11224(2:93 )

ag 1 1 1 1=2 1=5 2:73

with using deterministicLef 1, consideringL s ¢ variation reduces
the meannoiseby upto 4 and3 noiseby upto 13 (seebold
in Table Ill), when both applying the currentmodel with temporal
andlogic-inducedcorrelations As for the runtimebetweernsLP and
SLP + L ¢, thelatterneedsabout2:7 moretime thanthe former
on average.

V1. CONCLUSIONS AND FUTURE WORK

As an example of optimization for both operation and process
variations,this paperhassolved the on-chip decouplingcapacitance
(decap)budgeting problem to minimize time-domainpower noise
integral (in short,noise)subjectto a given decapareaconstraint\We
have developeda novel stochasticcurrentmodel to efciently and
accuratelycaptureoperationvariation such as temporal correlation
betweenclock cycles, and logic-inducedcorrelationbetweenports.
The modelalso considersprocess(Lef ¢ ) variation with spatialcor-
relation.We have alsoproposedan iterative alternatve programming
algorithmto solwe the decapbudgetingproblemunderthe stochastic
currentmodel,and conductedxperimentsusingindustrialexamples.
We have shawvn that comparedwith the baselinemodel assuming
maximum currents at all ports and under the same decap area
constraint,the model consideringtemporal correlation reducesthe
noise by up to 5 , and the model consideringhoth temporaland
logic-inducedcorrelationgeduceghe noiseby upto 17 . Compared
with the model using deterministicprocessparametersconsidering
Ler ¢ variationreduceghe meannoiseby upto 4 andthe3 noise
by up to 13

Differentfrom the existing stochastioptimizationusedmainly for
processvariation, this paperto the bestof our knowledgeis the rst
in-depth study on stochasticoptimization taking into accountboth
operationandprocesariationsfor powver network design.This paper
corvincingly demonstrateshat stochasticoptimization considering
operationvariation is highly bene cial for power integrity. Because
operationvariationaffectssignalandpower integrity, this paperopens
a new direction for future researchto optimize signal and thermal

integrity.
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