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ABSTRACT
Statistical circuit simulation is exhibiting increasing impor-
tance for circuit design under process variations. It has been
widely used throughout the design of standard cell circuits
(SRAM, Flip-Flop, etc.) to maximize yield, i.e. to min-
imize the failure probability. Existing approaches cannot
effectively analyze the failure probability when failed sam-
ples are distributed in multiple disjoint regions, nor handle
the circuits with a large number of variations. To tackle
these challenges, the proposed hyperspherical clustering and
sampling (HSCS) approach first identifies multiple failure
regions through a reweighted spherical k-means algorithm,
which clusters failed samples on a set of hyperspheres, rather
than the high dimensional open space. Next, a modified
mixture importance sampling is designed to draw samples
at those clusters to achieve multiple failure region coverage.
The proposed HSCS is evaluated using both mathemati-
cal and circuit-based examples. It achieves about 3-order
speedup over Monte Carlo with the same level of accuracy,
while other importance sampling based approaches either
fail to converge or converge to wrong results. Furthermore,
HSCS demonstrates excellent robustness by generating con-
sistent results in multiple replications.

CCS Concepts
∙Hardware→Process variations; Yield and cost mod-
eling;

Keywords
Process Variation, Yield, Clustering, Failure regions

1. INTRODUCTION
As integrated circuits (ICs) scale to smaller footprints

than ever before, circuit reliability has become an area of
growing concern due to the uncertainty introduced by pro-
cess variations [1, 2, 3, 4, 5]. For highly duplicated standard
cells, or critical circuit modules, such as PLLs, which stabi-
lize the clock for the circuit system, an extremely rare failure
event could lead to catastrophe of the entire chip.
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In general, deterministic analysis of rare-event is infea-
sible [6]. Modern statistical circuit simulation approaches
consider process variations and statistically simulate the cir-
cuit to estimate the probability that a circuit does not meet
the performance metric. Among those approaches, Monte
Carlo (MC) analysis remains the gold standard [7]. It re-
peatedly draws samples and evaluates circuit performance
via transistor-level simulation. Even though the circuit sim-
ulation has been considerably accelerated [8, 9, 10], it is,
however, extremely time-consuming because millions of sam-
ples need to be simulated to capture one single failure when
the failure is a rare event.

Instead of sampling randomly with standard MC, more ef-
ficient approaches only sample the statistically likely-to-fail
case [6, 11, 12, 13, 14, 15, 16, 17, 18]. These approaches,
however, become less effective while analyzing circuits with a
large number of variation parameters, or dealing with prob-
lems that failed samples are spread in multiple disjoint fail-
ure regions, which is becoming common in real circuit de-
signs [16, 18, 19, 20].
(1) Importance Sampling: As a classic modification of
MC, importance sampling (IS) modifies the MC sampling
strategy. A critical step of IS is to construct a new “pro-
posed” sampling distribution under which a rare event be-
comes less rare so more failures can be captured. Previous
work investigated different approaches [11, 12, 13, 14]. For
example, mixture importance sampling (MixIS) [11] mixes a
uniform distribution, the original distribution, and a shifted
distribution centered around the failure region. Method in
[12] spherically searches the failure sample with minimal L2-
norm (min-norm), then shifts the sample mean to the min-
norm point. [14] shifts the sample mean to the centroid
of the failure samples. All these approaches are related to
mean shifting and assume that all failed samples are located
in one region. However, in reality, failed samples may spread
in multiple disjoint regions. In this scenario, the existing IS
approaches cannot effectively cover all the failure regions,
hence, leading to inaccurate and inefficient estimations.
(2) Classification: Approaches in this category tackle the
problem from a totally different angle. As a representative
example, statistical blockade (SB) [6] utilizes a classifier to
block samples that are unlikely to fail, leaving only likely-
to-fail samples to simulate. More recently, recursive SB [15]
and REscope [16] are proposed to tackle problem with mul-
tiple failure regions. However, recursive SB assumes that
each failure region is associate with different label, which
does not hold for several circuits [19, 20]. Alternatively,
REscope [16] relies on support vector machine (SVM) with
radial basis function (RBF) kernel to identify failure regions,
but SVM works as a black box model and is out of user’s
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control. Excessively training the SVM to identify multiple
regions could easily lead to overfit.

Among others, [17, 21] uses a set of sample “chains” to
explore the failure region with the aid of the Markov Chain
Monte Carlo (MCMC) method. However, it is difficult to
cover the entire failure region with several chains of MCMC
samples, particularly when tens or hundreds random vari-
ables are considered. Multi-cone approach [18] determinis-
tically breaks the original sample space into multiple non-
overlapping cones, and sums up the analytically calculated
failure probability in each cone. It does consider multiple
failure regions, but the number of cones grows exponentially
to the dimensionality, limiting it only effective for low dimen-
sional problems.

In this paper, a hyperspherical clustering and sampling
approach, HSCS in short, is proposed to effectively handle
the challenges of both multiple failure regions and high di-
mensionality. As the first step, HSCS identifies multiple
failure regions by grouping the failure samples into mul-
tiple clusters. Instead of clustering in a high dimensional
open space, we sample spherically and develop a weighted
spherical k-means algorithm to identify clusters only on a
set of hyperspheres. Searching for min-norm points in these
clusters is much easier than conventional spherical IS. Next,
a modified mixture importance sampling shifts the sample
mean to the min-norm points of multiple clusters so as to
cover multiple failure regions.

HSCS is evaluated and compared with MC and other IS
based implementations in terms of accuracy, efficiency, and
robustness. On a small 2-dimensional problem with mathe-
matically known distribution, HSCS yields very accurate re-
sults compared with mathematically calculated groundtruth.
On a 70-dimensional charge pump circuit, HSCS is about 3
orders faster than MC and provides the same level of accu-
racy, while other IS based approaches either fail to converge
or converge to wrong results. Furthermore, on both exam-
ples, HSCS demonstrates excellent robustness by generating
consistent results in multiple replications.

The remainder of this paper is organized as follows. In
Section 2, the rare event model problem and IS are re-
viewed. In Section 3, we expatiate the proposed algorithm,
including spherical presampling and hyperspherical cluster-
ing step, and the modified MixIS step. In Section 4, HSCS
is verified on a mathematically known distribution and a 70-
dimensional charge pump circuit. This paper is concluded
in section 5.

2. BACKGROUND
2.1 Rare Event Analysis

Let 𝑓(𝑋) be a probability density function (PDF) for a
multivariate random variable 𝑋 (e.g., a set of process vari-
able parameters) which is the input of a measurement pro-
cess as shown in (1); the output 𝑌 is an observation (e.g.
memory read/write time, amplifier gain) with input 𝑋:

𝑋︸︷︷︸
variable

⇒ Measurement, SPICE, etc. ⇒ 𝑌︸︷︷︸
observation

(1)

In statistical circuit simulation, it is of great interest to
estimate the probability of 𝑌 from a small subset 𝒮 of the
entire sampling space. For example, 𝒮 can be the “failure
region” for a circuit design and includes all samples that
fail to meet the performance specification. Therefore, the
probability 𝑃 (𝑌 ∈ 𝒮) can be estimated as:

𝑃 (𝑌 ∈ 𝒮) =

∫
𝐼(𝑋) ⋅ 𝑓(𝑋)𝑑𝑋 (2)

where 𝑌 is the observation/performance with the input vari-
able 𝑋 and the indicator function 𝐼(⋅) outputs 1 only when
𝑌 ∈ 𝒮, 0 otherwise. Note that the integral in equation (2) is
intractable because 𝐼(𝑋) is unavailable in analytical form.
Therefore, sampling based method must be used. For exam-
ple, the MC method enumerates as many samples of 𝑋 as
possible (e.g., 𝑥1, ⋅ ⋅ ⋅ , 𝑥𝑛) according to 𝑓(𝑋) and evaluates
their indicator function values to estimate 𝑝(𝑌 ∈ 𝒮) as:

𝑃 (𝑌 ∈ 𝒮) =
1

𝑛

𝑛∑
𝑖=1

𝐼(𝑥𝑖)
𝑎.𝑠.
𝑛→+∞−−−−−→ 𝑃 (𝑌 ∈ 𝒮). (3)

Here 𝑃 (𝑋 ∈ 𝒮) is an unbiased estimate from sampling
method and can be very close to 𝑝(𝑋 ∈ 𝒮) with a large
number of samples.

2.2 Importance Sampling
When 𝑌 ∈ 𝒮 is a rare event, standard MC method be-

comes extremely inefficient. Importance sampling (IS) im-
proves the efficiency by shifting the sample mean and sam-
pling more statistically likely-to-fail (important) cases.

f(X) g(X)

Scale of likelihood ratios:

X

Figure 1: Likelihood ratios in mean-shift importance
sampling

As illustrated using a 1-dimensional example in Figure 1,
mean-shift IS samples from a proposed distribution 𝑔(𝑋)
that tile towards 𝒮 where a rare-event becomes less rare to
happen:

𝑃𝐼𝑆(𝑌 ∈ 𝒮) =

∫
𝐼(𝑋) ⋅ 𝑓(𝑋)

𝑔(𝑋)
⋅ 𝑔(𝑋)𝑑𝑋 (4)

=

∫
𝐼(𝑋) ⋅ 𝑤(𝑋) ⋅ 𝑔(𝑋)𝑑𝑋. (5)

Here, 𝑤(𝑋) is the likelihood ratio for each sample of 𝑋.
𝑤(𝑋) compensates for the discrepancy between 𝑓(𝑋) and
𝑔(𝑋) and unbiases the probability estimation under 𝑔(𝑋).
Sampling based methods can be used to evaluate above in-
tegral as:

𝑃𝐼𝑆(𝑌 ∈ 𝒮) =
1

𝑛

𝑛∑
𝑗=1

𝑤(�̃�𝑗) ⋅ 𝐼(�̃�𝑗)
𝑎.𝑠.
𝑛→+∞−−−−−→ 𝑃 (𝑌 ∈ 𝒮). (6)

where �̃�𝑗 (𝑗 = 1, ⋅ ⋅ ⋅ , 𝑛) follows the distribution 𝑔(𝑋) rather
than 𝑓(𝑋) because more likely-to-fail events can be sampled.

It is obvious that the samples closer to the nominal value
are more desirable [12] because they are associated with
greater probability 𝑓(𝑋) and likelihood ratio 𝑤(𝑋), hence
have more significant impact on the estimated failure prob-
ability 𝑃𝐼𝑆 . In practice, most of the existing approaches
shift the sample mean to the point that is closest to the
origin on the accept/fail boundary, which is also known as
the minimum-norm (min-norm) point [12]. However, the
mean-shift IS implementations suffer from the following two
drawbacks:
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Covering multiple failure regions
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Figure 3: The HyperSpherical Clustering and Sampling (HSCS) algorithm consists of two phases: 1) hyper-
spherical clustering, 2) multiple mean-shift importance sampling.

x1

x2

x1

x2

Accept Region Failure Region Sample Sample mean

(a) Spherical IS: shift mean to 
the min-norm failed sample

(b) MixIS & HDIS: shift mean 
to the centroid of failed samples

Figure 2: Existing mean-shift importance sampling
implementations do not handle problems with mul-
tiple disjoint failure regions

First, they search the min-norm points by constructing
an accept/fail boundary in the open space, which may take
prohibitively long runtime, especially at high dimensionality.

Moreover, while existing approaches [11, 12, 13, 14] shift
the sample mean to a more important point, they totally
neglect that failed samples might be distributed in multiple
disjoint regions. As illustrated in Figure 2, one shifted dis-
tribution might be insufficient to cover all the failures, hence
leading to a biased estimation of 𝑃𝐼𝑆(𝑌 ∈ 𝒮) in (6).

To improve the mean-shift IS, the remaining challenges
turn out to be 1) identifying failure regions in high dimen-
sional sample space, 2) effectively sampling to cover multiple
failure regions.

3. HYPERSPHERICAL CLUSTERING AND
SAMPLING

3.1 Algorithm Overview
In this section, we present the proposed hyperspherical

clustering and sampling approach (HSCS). It consists of two
major phases, (1) hyperspherical clustering, (2) importance
sampling around multiple min-norm points, as illustrated in
Figure 3. HSCS takes in the process variation parameters,
and outputs the estimated failure probability 𝑃𝐼𝑆 based on
given requirements on performance metric 𝑌 .

To accurately estimate 𝑃𝐼𝑆 , we attempt to cover more
samples that are closer to the nominal value. During the
clustering phase, a weighted clustering algorithm is designed
to bias the cluster centers towards those samples. In the
second phase, sample means are shifted to the min-norm
points of multiple clusters for two purposes: 1) capture more
samples with greater weights, 2) cover the failed samples in
multiple failure regions.

In the remaining part of this section, we will elaborate
each phase of the algorithm.

3.2 Hyperspherical Clustering
The hyperspherical clustering phase includes a spherical

presampling step and a weighted hyperspherical k-means
step to cluster the failed samples. Algorithms in this phase
are targeted to find the direction of failure regions, so that
statistical approaches can be applied afterwards to estimate
the failure probability with a better failure region coverage.

3.2.1 Spherical Presampling
In order to identify multiple failure regions, it is intuitive

to collect a number of likely-to-fail samples (typically sam-
ples in the quantile of the performance distribution), and
to cluster them into several aggregations according to their
locations in the sample space. However, clustering samples
that are randomly generated in high dimensional open space
is challenging. Even in the same cluster, samples may still
be far apart from each other. In this scenario, a cluster cen-
troid does not necessarily mean more failed samples, leading
to meaningless clusters.

Alternatively, we restrict the samples to a few hyperspher-
ical surfaces by sampling spherically. In this scenario, clus-
tering algorithms can be performed on a more restricted area
rather than the high dimensional open space.

As illustrated in the left part of Figure 3, samples are
randomly generated on hyperspheres with gradually increas-
ing radius to capture samples in the quantile. During the
implementation, we generate 1000 samples on each hyper-
sphere surface and stop expanding the hypersphere until 5%
or more samples on the current hypersphere surface fall in
the 1% quantile.

3.2.2 Weighted Hyperspherical K-means
Conventional clustering algorithms (e.g. k-means) group

samples to optimal clusters by minimizing the sum of Eu-
clidean distance [22] between samples and their correspond-
ing cluster centers, as defined in (7).

𝐸𝑢𝑐𝑙𝑖𝑑𝑒𝑎𝑛𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒(𝑋(1), 𝑋(2)) =
∥∥∥𝑋(1) −𝑋(2)

∥∥∥ (7)

𝐶𝑜𝑠𝑖𝑛𝑒𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒(𝑋(1), 𝑋(2)) = 1 − 𝑋(1)𝑇𝑋(2)

∥𝑋(1)∥ ∥𝑋(2)∥ (8)

As we generate samples on hyperspheres, Euclidean dis-
tance makes less sense because the distance between samples
and the origin is the same. It is more desirable to cluster
samples based on the directions those samples pointing to
rather than Euclidean distance. Therefore we use cosine
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distance, defined in (8), as the distance metric, leading to a
hyperspherical version of k-means algorithm.

Furthermore, a naive hyperspherical k-means algorithm
only makes use of the samples on the outermost hyper-
sphere, without incorporating the failed samples captured
on the inner hyperspherical surfaces, which are usually as-
sociated with greater likelihood ratio according to (4), i.e.
higher importance. To take full advantage of all the failed
samples, we propose a weighted hyperspherical k-means al-
gorithm. Each failed sample is normalized to unit length
and associated with a weight calculated based on its prob-
ability density. With a targeted number of clusters 𝑘, the
proposed algorithm returns the cluster assignment for each
input failed sample.

Algorithm 1 Weighted Spherical K-Means Algorithm

Input: A set of 𝑀 failed samples: 𝒳 = {𝑋(1), 𝑋(2), ..., 𝑋(𝑀)}
Sample weights: 𝑤(1), 𝑤(2), ..., 𝑤(𝑀)

Number of initial clusters: 𝑘
Output: Cluster label for samples: 𝒴 = {𝑦(1), 𝑦(2), ..., 𝑦(𝑀)}

Updated number of clusters: 𝑘
1: Randomly initialize the unit length cluster centroids 𝒰 =

{𝜇(1), 𝜇(2), ..., 𝜇(𝑘)};
2: repeat
3: Cluster Assignment (update 𝒴):

For each sample 𝑋(𝑖), set 𝑦(𝑖) = argmax
𝑗

𝑋(𝑖)𝑇𝜇(𝑗);

4: Remove Empty Clusters (update 𝑘)

Remove 𝒳𝑗 if 𝒳𝑗 = {𝑋(𝑖)∣𝑦(𝑖) = 𝑗} = ∅;
Update number of cluster 𝑘;

5: Weighted Centroid Update (update 𝒰):
For cluster k, let 𝒳𝑗 = {𝑋(𝑖)∣𝑦(𝑖) = 𝑗}, update centroid as
𝜇(𝑗) =

∑
𝑋(𝑖)∈𝒳𝑗

𝑤(𝑖)𝑋(𝑖);

𝜇(𝑗) = 𝜇(𝑗)/
∥
∥𝜇(𝑗)

∥
∥;

6: until <𝒴 remains unchanged>

7: Return 𝒴 and 𝑘;

As the first step of Algorithm 1, a set of initial cluster
centroids are randomly generated. Next the algorithm it-
eratively updates the cluster label assigned for all samples,
cleans up empty cluster, and recalculates the centroids, until
the label assignment remains unchanged after one iteration.
During the cluster assignment step, the algorithm checks the
cosine distance between a sample and all cluster centroids.

The cluster 𝑗 that maximizes 𝑋(𝑖)𝑇𝜇(𝑗), which is equivalent
to minimizing the cosine distance, will be selected. More-
over, we assign samples different weights in the centroid up-
date process in step 5, therefore the centroids are biased to
samples with higher importance.

One caveat is that k-means searches for the cluster assign-
ment 𝒴 in a greedy fashion, resulting in convergence to the
local optimal instead of guaranteeing global optimum. The
proposed weighted hyperspherical k-means is not an excep-
tion. In practice, we start from multiple set of randomly
initialized cluster centroids 𝒰 , and choose the one leading
to minimal sum of cosine distance as the solution. Hence,
the final solution could be more prone to take the global
optimum.

Also, the number of clusters, 𝑘, is unknown before the
clustering. In practice, we try a number of different 𝑘 and
choose the one with a trade off between the model complex-
ity and goodness of fit. In the machine learning community,
𝑘 is empirically chosen to be

√
𝑀 [23], where M is the to-

tal number of samples to be clustered. More discussion on
choosing 𝑘 is included in the experiment section with con-
crete example.

3.3 Multiple Mean-Shift Importance Sampling
The previous phase generates normalized cluster centers,

i.e. the direction of failure regions. In this phase, we locate
the min-norm points of multiple failure regions and apply a
modified mixture importance sampling (MixIS) approach to
sample in all the failure regions and to estimate the overall
failure probability.

3.3.1 Locating the Min-norm Points using Bisection
To locate the min-norm points more accurately and effi-

ciently, we only search towards the direction of the clusters
given that they have been identified.

Mathematically, all the samples in the same cluster can
be covered by a cone defined in (9).

𝒞 = {𝑋∣𝐶𝑜𝑠𝑖𝑐𝑒𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒(𝑋,𝜇) ≤ 𝑑𝑚𝑎𝑥} (9)

As illustrated in the right part of Figure 3, the opening angle
of cone 𝒞 is constrained by 𝑑𝑚𝑎𝑥, the largest cosine distance
between failed samples in this cluster and the cluster cen-
troid 𝜇.

Algorithm 2 Locate min-norm points for each cluster with
bisection
Input: Minimal radius of existing failure samples, 𝑅
Output: Radius of min-norm point: 𝑅𝑚𝑖𝑛

1: 𝑅𝑚𝑎𝑥 = 𝑅;
2: 𝑅𝑚𝑖𝑛 = 0;
3: repeat
4: 𝑅 = (𝑅𝑚𝑎𝑥 +𝑅𝑚𝑖𝑛)/2;
5: simulate a small set of samples at Radius = 𝑅 in current

cluster;
6: if any failed sample captured then
7: 𝑅𝑚𝑎𝑥 = 𝑅;
8: else
9: 𝑅𝑚𝑖𝑛 = 𝑅;

10: end if
11: until 𝑅𝑚𝑎𝑥 −𝑅𝑚𝑖𝑛 < 𝑅𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑

12: Return 𝑅;

Next, we apply bisection to search the minimal radius that
leads to a failure in each cone, as presented in Algorithm 2.
Starting with a lower bound of 0, and upper bound at the
minimal radius of the existing failure samples, the algorithm
bisects the radius and only simulates a small number of sam-
ples at this radius. It will reduce the upper bound to search
the lower half region if any failure is captured during the
simulation, otherwise, it will go to the upper half.

After locating the minimal radius 𝑅𝑖 of a cone, the min-
norm point of the corresponding cluster is calculated as
𝐶𝑚𝑖 = 𝜇𝑖 ∗ 𝑅𝑖, where 𝜇𝑖 is the normalized cluster center
that indicates the direction of this cluster.

3.3.2 Modified Mixture Importance Sampling
Next, we modifie the MixIS and shift the sample mean to

all these min-norm points found in the previous step. The
proposed distribution 𝑔(𝑥) is defined as

𝑔(𝑋) = 𝛼𝑓(𝑋) + (1 − 𝛼)
∑𝑘

𝑖=1
𝛽𝑖𝑓(𝑋 − 𝐶𝑚𝑖) (10)

where 𝛽𝑖 =

∑

𝑋(𝑖)∈𝒳𝑘
𝑤(𝑖)

∑
∀𝑋 𝑤(𝑖) is the weight for each failure region

(cluster), which is calculated based on the sum of sample
weights in the cluster.
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Note that we also keep a small ratio (𝛼) of 𝑓(𝑥) in the
proposed distribution 𝑔(𝑥), so that IS likelihood ratio

𝑓(𝑋)

𝑔(𝑋)
=

𝑓(𝑋)

𝛼𝑓(𝑋) + (1 − 𝛼)
∑𝑘

𝑖=1 𝛽𝑖𝑓(𝑋 − 𝐶𝑚𝑖)
<

1

𝛼
(11)

is bounded by 1/𝛼. It prevents the likelihood ratio from
going to infinity at certain 𝑋, and preserves the numerical
stability of the modified MixIS.

4. EXPERIMENT RESULTS
The proposed HSCS is first evaluated using a mathemat-

ically known 2-dimensional normal distribution with 2 dis-
joint failure regions. Next, we verify HSCS using a more re-
alistic high-dimensional charge pump circuit, which is known
to have multiple failure regions.

4.1 Evaluation on Mathematically Known Dis-
tribution

On a sample space with 2-dimensional normal distribu-
tion, two disjoint failure regions, 𝒮1 and 𝒮2, are defined as
follows:

∙ 𝒮1 = {𝑋∣ ∥𝑋∥ > 3.8 and 𝜙(𝑋) ∈ [ 2
3
𝜋, 3

4
𝜋]}

∙ 𝒮2 = {𝑋∣ ∥𝑋∥ > 3.9 and 𝜙(𝑋) ∈ [ 4
3
𝜋, 3

2
𝜋]}

where ∥𝑋∥ is the 2-norm of the sample, i.e. the Euclidean
distance between the sample and the origin, and 𝜙(𝑋) is
the phase of the 2-D sample. These two failure regions are
illustrated in Figure 41.

−8 −6 −4 −2 0 2 4 6 8
−8
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Fail

Figure 4: 2-dimensional sample space with two dis-
joint failure regions 𝒮1 and 𝒮2

Since the PDF and the failure regions are mathematically
known, the failure probability can be calculated by integrat-
ing PDF function in (12),

𝑃𝐹 =

∫
𝑋∈{𝒮1,𝒮2}

𝑓(𝑋)𝑑𝑋 ≈ 7.199𝑒− 5 (12)

leading a failure probability of 7.199e-5, which is close to 4
sigma.

As the first step, HSCS gradually increases the radius of
the sphere to search for failed samples and stops expanding
until enough failed samples are collected. As illustrated in
Figure 5, the presampling step converges at 4-sigma sphere
in this particular example.

Obviously, those failed samples are aggregated in two sep-
arate regions in Figure 6(a). The weighted hyperspherical
k-means updates the cluster assignments in a greedy fashion
by always assigning a sample to its closest centroid. Hence,
if the initial centroids are improperly selected, it is possible

1
Figure 4 is plotted using uniformly distributed samples for better
illustration.
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Figure 5: Spherical presampling to collect failed
samples

that the iterative cluster assignments end up with assign-
ing all samples in one cluster as illustrated in Figure 6(b),
while leaving the other cluster empty (the empty cluster is
removed in step 3 of Algorithm 1).
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Figure 6: Spherical k-means might converge to local
optimal with “improper” initial centroids

This problem has been well addressed in the machine
learning community by randomly creating multiple set of
initial centroids and applying the same cluster algorithm to
all these set of samples. Only the cluster assignment with
best optimization target, i.e. the smallest sum of cosine dis-
tance, will be chosen.

Next, bisection is applied to locate the min-norm points.
In this example, we generate 20 samples only at each Radius.
In each cluster, the algorithm ends up with 5 iterations and
converges to radius at 3.9375 and 3.8125, which are very
close to the groundtruth.
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Figure 7: Sample coverage of the modified mixture
importance sampling

The modified mixture importance sampling shifts the sam-
ple means to the min-norm points of both failure regions.
Samples drew by importance sampling in Figure 7 indicate
that both failure regions are accurately and fully covered.

The failure rate is estimated at 7.109e-5 using HSCS,
which is quite close to the mathematically calculated ground
truth, 7,199e-5. As a stochastic algorithm, we also run the
HSCS with 100 replications to verify the stability. The es-
timated failure probability ranges from 5.54e-5 to 9.05e-5,
with an average of 7.21e-5.
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4.2 Experiments on Charge Pump Circuit
4.2.1 Charge Pump Circuit and Experiment Setting

We also evaluate the proposed HSCS using a charge pump
(CP) circuit, which is a critical sub-circuit of the phase-
locked loop (PLL), as illustrated in Figure 8. CP adjusts
the frequency of the output clock signal, 𝐶𝐿𝐾𝑜𝑢𝑡, via a
charge/discharge capacitor and voltage controlled oscillator
(VCO).

PFD CP VCO

FD

Up
LPF

CLKfb

CLKref CLKout

Digital

Digital

Analog Analog

Down

VctrlIout

Figure 8: A block diagram of PLL
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Figure 9: Simplified schematic of the charge pump

A simplified schematic of the charge pump consisting of
two switched current sources is presented in Figure 9. Ide-
ally, MN3, MN4, and MN5 on the bottom of Figure 9 are de-
signed with the same dimension. The drain current flowing
through these three NMOS transistors should be identical
because they are imposed the same gate voltage. The same
current also flows through MP1 since it shares the same
branch with MN4. Similarly, on the top of Figure 9, two
PMOS transistors form another current mirror, so that the
current can be copied from MP1 to MP2. In this scenario,
the charge current flowing through MP2 should be identical
to the discharge current through MN5 when both switches
are turned on, leading to zero net current.

In reality, it is, however, difficult to guarantee those tran-
sistors exactly the same dimension because of the process
variation effects during chip fabrication. Mismatches on
these transistors, especially on MP2 or MN5, could result
in a nonzero net current at the output node. It could cause
large fluctuation at the control voltage, also known as “jit-
ter”, which severely affect the PLL system stability. In the
following experiments, we consider a failure if there is a big
enough mismatch between the charge and discharge current,

mathematically, max(
𝐼𝐶ℎ𝑎𝑟𝑔𝑒

𝐼𝐷𝑖𝑠𝑐ℎ𝑎𝑟𝑔𝑒
,
𝐼𝐷𝑖𝑠𝑐ℎ𝑎𝑟𝑔𝑒

𝐼𝐶ℎ𝑎𝑟𝑔𝑒
) > 𝛾, where 𝛾 is

a threshold of this performance metric.
For experimental purpose, a CP circuit is designed using

PTM 22nm high performance technology model [24] and
simulated in HSPICE. The CP circuit is a typical circuit
known to have multiple failure regions [19, 20, 16]. We ana-
lyze this circuit with two different process variation setups.

∙ In the first setup, we map the variations to threshold
voltage (𝑉𝑡ℎ), and only model the 𝑉𝑡ℎ of MP2 and MN5
as variation source. Hence, the failure regions can be
visualized in a 2-dimensional space.

∙ A more comprehensive model with 10 parameters, in-
cluding flat-band voltage (𝑉𝑓𝑏), threshold voltage (𝑉𝑡ℎ0),
gate oxide thickness (𝑡𝑜𝑥), mobility (𝜇0), etc., are con-
sidered as variation source for each of those 7 tran-
sistors in Figure 9. Variations in those two digital
switches are not accounted. In the second setup, there
are a total of 70 variation parameters in the circuit,
which is a relatively high dimensional problem.

In addition to the HSCS, Monte Carlo (MC) is included
as the gold reference of the experiment. We also implement
the high-dimensional importance sampling (HDIS) [14] and
spherical importance sampling (SpIS) [12] for accuracy and
efficiency comparison. The HDIS and Spherical IS are two
typical mean shifting approaches that shift the sample mean
to the centroid and min-norm point of the failure region
respectively.

The efficiency is evaluated by counting the total number
of simulations required to yield a stable failure rate. All the
aforementioned approaches converge at the same criterion,
i.e. the relative standard deviation of the estimated failure
probability, 𝜎𝑟 =

𝑠𝑡𝑑(𝑝𝑓 )

𝑝𝑓
, gets smaller than 0.1.

4.2.2 2-D Setup with Visualized Failure Regions
In this setup, instead of investigating very rare failure

event, we configure the threshold 𝛾 to target a 5% failure
probability. Under this configuration, two failure regions can
be easily visualized when we plot the accepted MC samples
against failed ones in 2-dimensional sample space, as shown
in Figure 10(a).
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(d) Proposed HSCS with 1000 samples
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Figure 10: Multiple failure region coverage test MC,
HDIS [14], Spherical IS [12], and HSCS

With only 1000 samples, the coverage of HDIS, Spherical
IS, and the proposed HSCS are illustrated in Figure 10(b),
(c), and (d), respectively. Sample means of these 3 impor-
tance sampling approaches are marked as upward-pointing
triangulars in the Figures.

It is easy to notice that HDIS fails to shift the sample
mean to any of the failure regions. As illustrated in 10(b),
it attempts to draw samples around the centroid of the failed
samples. The centroid of those failed samples, however, falls
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almost close to the origin, which is obviously not in the fail-
ure region, leading to a poor coverage on those truly “im-
portant” samples.

Spherical IS shifts the sample mean to the existing sample
with minimal norm. It correctly locate the min-norm point,
as shown in Figure 10(c), but Spherical IS only samples one
failure region while leaving the other one totally untouched.

The samples drew by the proposed HSCS are plotted in
Figure 10(d). Samples generated during presampling and
min-norm points searching are not included in this Figure.
While the majority of samples are centered at the min-norm
points of those two failure regions, HSCS still preserves a
few samples around the origin to keep a small ratio of the
original distribution according to equation (10) and avoids
numerical instability in likelihood ratio calculation.

4.2.3 Hyperspherical Clustering with 70 Process Vari-
ation Parameters

In the following discussion, we model 10 process variation
parameters on 7 transistors shown in Figure 9 in the CP
circuit, leading to a 70-dimension problem. Transistors in
two digital switches are not considered.

To collect enough samples for clustering, we generate 1000
samples at each hypersphere surface and gradually increase
its radius and search for the samples on the 1% quantile.
Until 6 sigma hypersphere, a total of M = 144 samples are
collected, including 41 failed samples captured on 5 sigma
hypersphere, and 103 failed samples on 6 sigma hypersphere.
The weighted spherical k-means algorithm is applied on these
144 samples to group them into clusters. Note that the ac-
tual number of clusters (𝑘𝑎𝑐𝑡𝑢𝑎𝑙) generated by the algorithm
could be small than 𝑘𝑡𝑎𝑟𝑔𝑒𝑡, as some clusters may become
empty during the cluster assignment and are removed.
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Figure 11: Clustering maximization objective while
changing the targeted number of clusters
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Figure 12: Number of actually clusters may be small
than the targeted number of clusters

To determine the optimal number of clusters, we start
with different 𝑘𝑡𝑎𝑟𝑔𝑒𝑡 and evaluate the value of the maximiza-
tion objective (also referred as profit) under those 𝑘𝑡𝑎𝑟𝑔𝑒𝑡.
As shown in Figure 11, there is a big jump when 𝑘𝑡𝑎𝑟𝑔𝑒𝑡 in-
creases from 1 to 2. Afterwards, the slope becomes gentler
and almost flat when 𝑘𝑡𝑎𝑟𝑔𝑒𝑡 reaches 30.

A lot of information can be interpret from this Figure.
First, the big jump indicates that the failed samples are lo-
cated in two major clusters. When we use two centroids
instead of one, the samples becomes much closer to the cen-
troids, leading to a remarkable increase in the profit. Of
course, these two big clusters can be further decomposed
into smaller ones, but the profit generated by increasing
𝑘𝑡𝑎𝑟𝑔𝑒𝑡 is smaller. When 𝑘𝑡𝑎𝑟𝑔𝑒𝑡 is beyond 30, we do not
benefit from increasing the cluster numbers.

The number of actually generated clusters 𝑘𝑎𝑐𝑡𝑢𝑎𝑙 is plot-
ted against 𝑘𝑡𝑎𝑟𝑔𝑒𝑡 in Figure 12, which helping us understand
Figure 11 better. When 𝑘𝑡𝑎𝑟𝑔𝑒𝑡 is small, the algorithm gen-
erates whatever number of clusters we ask for. Therefore,
𝑘𝑎𝑐𝑡𝑢𝑎𝑙 is overlapped with 𝑘𝑡𝑎𝑟𝑔𝑒𝑡. However, excessively in-
creasing 𝑘𝑡𝑎𝑟𝑔𝑒𝑡 results in a lot of redundant clusters, which
are not assigned any samples and removed from the targeted
clusters. These redundant clusters account for the gap be-
tween 𝑘𝑎𝑐𝑡𝑢𝑎𝑙 and 𝑘𝑡𝑎𝑟𝑔𝑒𝑡. In this particular problem, any
𝑘𝑡𝑎𝑟𝑔𝑒𝑡 between 2 and 30 could be reasonable. As expected,

the empirical guess, 𝑘 =
√
𝑀 = 12 falls in this range.

4.2.4 Accuracy, Efficiency, and Robustness
The HSCS is also compared with MC, HDIS [14], and

SpIS [12] in terms of both efficiency and accuracy. Their
convergence curves are plotted in Figure 132, including one
figure for the estimated failure probability (𝑃𝑓𝑎𝑖𝑙) and the
other one for deviation of the estimation.

To generate the groundtruth, MC takes nearly 16 million
simulations to get confident estimation of 𝑃𝑓𝑎𝑖𝑙 at 4.904e-5.
The HDIS converges with only 4.9e4 samples (11k samples
for pre-sampling and 38k for IS), but unfortunately, to a
wrong estimation as shown in Figure 13(a). The Spherical
IS is terminated since it does not show any sign of conver-
gence after 7.4e5 samples being simulated. The poor per-
formance of HDIS and SpIS is not a surprise because they
fail to draw samples to comprehensively cover the failure
regions, hence leading to fluctuant or event deviated esti-
mations. More quantitative results of these approaches are
presented in Table 1. Contrasting to HDIS and SpIS, the
proposed HSCS achieves very promising estimation about
2.3e4 samples. In short, it estimates 𝑃𝑓𝑎𝑖𝑙 at MC accuracy
with ∼3 order speedup.
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Figure 13: Convergence curve of Monte Carlo,
HDIS, Spherical IS, and the proposed HSCS

2
Note that the convergence curves of HDIS, SpIS, and HSCS start
from different points because they need different # of samples in the
presampling step.
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Table 1: Accuracy and efficiency evalution on 70-dimensional charge pump circuit

Monte Carlo HDIS [14] SpIS [12] Proposed HSCS with 10 replications
failure probability 4.904e-5 3.9e-3 8.788e-7 3.89e-5 ∼ 5.88e-5 (mean 4.82e-5)
Total #sim. runs 1.584e7 3.8e4 >7.4e5 4.6e3 ∼ 5.5e4 (mean 2.3e4)

#sim. for presampling
-

1.1e4 4e3 4.2e3
#sim. for IS 3.8e4 >7e5 410 ∼ 5.1e4 (mean 1.9e4)
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Figure 14: Robustness test of HSCS with 10 repli-
cations

To ensure that HSCS can consistently generate accurate
estimation, we executed the same program with 10 replica-
tions and presented their convergence curves in Figure 14.
We notice that the failure probabilities estimated by these
replications converge to the ground truth, the dashline in
Figure 14(a). As detailed in Table 1, the estimated failure
probability ranges from 3.89e-5 to 5.88e-8, with an average
of 4.82e-5. This is very close to the MC result. Also, it only
takes an average of 2.3e4 samples to converge the simulation,
which is about 3 orders faster than MC.

5. CONCLUSION
In this paper, HSCS is proposed to tackle the challenging

statistical circuit simulation problems with multiple failure
regions and high dimensionality, which are the shortcom-
ings of the existing importance sampling and classification
based approaches. HSCS first applies spherical presampling
and clustering to identify multiple failure regions. Next,
it locates the min-norm points of each failure region and
leverage a modified MixIS that shifts the sample mean to
those min-norm points. Therefore, the importance samples
cover multiple failure regions. In the experiments on a 70-
dimensional charge pump circuit, HSCS achieves ∼3 orders
speedup over MC providing the same level of accuracy, while
other IS based approaches either fail to converge or converge
to wrong results. Furthermore, HSCS demonstrates excel-
lent robustness by generating consistent results in multiple
replications.
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